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Continuity of the barycentric extension of circle diffeomorphisms
with Holder continuous derivative

Katsuhiko Matsuzaki

ABSTRACT

The barycentric extension due to Douady and Earle yields a conformally natural extension of a
quasisymmetric self-homeomorphism of the unit circle to a quasiconformal self-homeomorphism
of the unit disk. We consider such extensions for circle diffeomorphisms with Hélder continuous
derivative and show that this operation is continuous with respect to an appropriate topology
for the space of the corresponding Beltrami coefficients.

1. Introduction

The barycentric extension due to Douady and Earle [5] yields a natural extension of a self-
homeomorphism of the unit circle S to a self-homeomorphism of the unit disk D. It plays an
important role in the study of complex analytic aspects of Teichmiiller spaces. In this paper,
we consider barycentric extensions of diffeomorphisms of S with Hélder continuous derivative.
We strengthen results of [12], obtaining the quasiconformal extension of such a diffeomorphism
and investigating the structure of its Teichmiiller space. Our work mainly consists in proving
that the extension operator is continuous with respect to a certain smooth topology on the
space of these diffeomorphisms and a corresponding topology on the space of the Beltrami
coefficients of their quasiconformal extensions.

Our arguments of Teichmiiller spaces are modelled on the universal Teichmiiller space T,
which can be identified with the space QS,(S) of all normalised quasisymmetric homeomor-
phisms of S. In this setting, the Teichmiiller projection q is regarded as the boundary extension
map on the space QC, (D) of all normalised quasiconformal homeomorphisms of D. By the
measurable Riemann mapping theorem, the latter space is identified with the space of Beltrami
coefficients Bel(D) = L*°(D);, which is the open unit ball of measurable functions on D with the
supremum norm. Then, ¢ : Bel(D) — T is continuous with respect to the topology on QS,(S)
induced by the quasisymmetry constant. The barycentric extension yields a continuous section
e: T — Bel(D) for g.

The Teichmiiller space T* of circle diffecomorphisms with a-Holder continuous derivative
for o € (0,1) is similarly defined as a subspace of T'; the subgroup Diff:™*(S) c QS, (S) of all
such diffeomorphisms with normalisation can be defined to be T*. The topology on this group
is induced by the right translations from the C'*®-distance to the identity map. Moreover,
the corresponding subspace of Beltrami coefficients is Belj (D) C Bel(ID), which consists of all
1 € Bel(D) with finite weighted supremum norm
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It is proved in [12] that the restriction of the Teichmiiller projection to Belj (D) yields a
continuous map ¢ : Belg (D) — T§. In fact, the topology of T§ coincides with the quotient
topology induced from Belf (D) by g. Moreover, a complex Banach manifold structure has been
provided for T through the Bers embedding. The reader is referred to the survey articles [10]
for an introduction to the Teichmiiller space T, and [11] for applications of T to problems
on circle diffeomorphism groups.

The main theorem of this paper asserts the continuity of the section e restricted to T

THEOREM 1.1. The barycentric extension of circle diffeomorphisms with a-Hdélder continu-
ous derivative yields a continuous section

e: T = Diff}.™*(S) — Bel§ (D)
for the Teichmiiller projection q.

As is well-known, information about the topological structure of this space can be derived
from the existence of a continuous section. We note that T = Diff1™*(S) is also a topological
group [12].

COROLLARY 1.2. The Teichmiiller space T§' is contractible.

In the next section, we will elaborate on these concepts and results.

2. Preliminaries

In this section, we summarise several results that will be used as background material for
our arguments. These include the definition and properties of the barycentric extension
of quasisymmetric self-homeomorphisms of the circle, fundamental results on the universal
Teichmiiller space, and preliminaries on the space of circle diffeomorphisms with Holder
continuous derivative. For the results mentioned in this section on quasiconformal and
quasisymmetric homeomorphisms as well as Teichmiiller spaces, the reader is referred to the
monograph by Lehto [9].

2.1. Quasiconformal and quasisymmetric homeomorphisms

We denote the group of all quasiconformal self-homeomorphisms of the unit disk D by QC(D),
and the group of all quasisymmetric self-homeomorphism of the unit circle S by QS(S). Every
f € QC(D) extends continuously to a quasisymmetric homeomorphism of S. This boundary
extension defines a homomorphism ¢ : QC(D) — QS(S). Conversely, every ¢ € QS(S) extends
continuously to a quasiconformal homeomorphism of D, that is, g is surjective. In fact, there
are explicit methods for constructing such quasiconformal extensions that define sections
e: QS(S) » QC(D) with goe =1id|qs, such as the Beurling-Ahlfors [3] and Douady—Earle
[5] extensions.

2.2. The barycentric extension

The barycentric or the Douady—Earle extension e(y) of an orientation-preserving self-
homeomorphism ¢ € Homeo(S) is given as follows. The average of o taken at w € D is defined
by

w

€)= = /S TulP(Oldc] = 5- /g Jel

wp(C) el
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where the Mobius transformation

zZ—w ..
Yw(2) = — € Méb(D)

maps w to the origin 0. The barycenter of ¢ is the unique point wy € D such that &,(wo) = 0.
The value of the barycentric extension e(y) at the origin 0 is defined to be the barycenter wy;
we set e(¢)(0) = wp.

For an arbitrary point z € D, the barycentric extension e(y) is defined by

e(p)(z) = e(p o 7)(0),

where v € Méb(D) is any Mobius transformation that maps 0 to z, say, v =+, !. This is
well-defined, since &,0-(0) = £,(0) for any rotation r, which is a M&bius transformation
fixing 0.

An alternative definition was introduced by Lecko and Partyka [8]. For each w € D, we
consider the harmonic extension (the Poisson integral) of v,, o ¢ € Homeo(S)

1
P,(z) :

/S 0 G(Q)ALONIdC].

Since P, is a self-homeomorphism of D by the Rad6—Kneser-Choquet theorem, there exists
a unique point z € D such that P,(z) = 0. We define a map e.(¢) : D — D by e,(¢)(w) = 2.
Then, e(p) = e.(¢) "t Indeed, e(p)(2) = w and e, (p)(w) = z are equivalent to the conditions

1

o 1
Py S%,w(%‘l(o)ldéI:O and ﬂ/ngw(c)lvé(é“)lldé“b(l

respectively. Using the substitution ¢ = v-(€), we see that these integrals are equal.
The application of the barycentric extension to a quasisymmetric homeomorphism yields the
following fundamental result.

THEOREM [5]. For every ¢ € QS(S), the barycentric extension yields e(¢) € QC(D).

In addition to Douady and Earle [5], an exposition on barycentric extensions may be found
in Pommerenke [13, Section 5.5], to which we will occasionally refer in the sequel.
2.3. Conformal naturality

The barycentric extension e(p) of ¢ € Homeo(S) has conformal naturality in the following
sense:

e(gopoy)=goe(p)oy

for any g,7 € Mob(S) = Mob(D). Indeed, e(p o) =e(p) o~ follows from the definition of
e(p). Moreover, e(g o @) = g o e(p) follows from the formula

9(2) — g(w) — if(w) 2 W

1 —g(w)g(2) 1 —wz

for some function § : D — R of w independent of z. In fact, if {,(wo) = 0, then

1 g(e(Q) —glwe) e o() —wo L
Sroplglo) = o /s 1 glungle0) = T2m /Sl “wop(0) 1= 0
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For f € QC(D), we denote the complex dilatation of f by u(z) = 0f(z)/0f(z). The
conformal naturality of the barycentric extension for quasisymmetric homeomorphisms in terms
of complex dilatations can be described as follows:

'(2)
V' (2)
for any g,y € M6b(S) = Mob(D) and ¢ € QS(S). In particular, this implies

=2

He(gogor) (2) = Hgoe(p)or (2) = () (V(2))

|Me(go<po‘y) (Z)| = |Me(<,o) (’Y(z))|

2.4. Continuity of the barycentric extension

The subgroups consisting of the normalised elements of QC(ID) and QS(S) fixing three points
on S, for instance, 1,4, —1, are denoted by QC, (D) and QS,(S), respectively.

By the solution of the Beltrami equation (the measurable Riemann mapping theorem),
QC, (D) is identified with the space of Beltrami coefficients on D:

Bel(D) = {u € L¥(D) | [lull < 1}.

Moreover, QS, (S) can be regarded as the universal Teichmiiller space T', which is equipped with
the right uniform topology induced by the quasisymmetry constant M (¢) > 1 for ¢ € QS(S);
a sequence ¢, converges to o in QS(S) if M (¢, 0¢~!) — 1 as n — co. We note that there are
several different ways of defining the quasisymmetry constant M, for instance, using the cross
ratio (see the survey [10]). Nevertheless, they induce the same topology.

Under the above identification, the restriction of ¢ to QC, (D) = Bel(D) plays the role of the
Teichmiiller projection. A basic property of this projection is the following.

PROPOSITION. The Teichmiiller projection

¢+ Bel(D) = QC, (D) — T = QS.(S)

is continuous and open.
The section for ¢ given by the barycentric extension is also compatible with the topology.

THEOREM [5]. The barycentric extension
e: T =Q8S,(S) — Bel(D) = QC, (D)

is continuous. In fact, the composition e o q : Bel(D) — Bel(ID) is real analytic.

2.5. Diffeomorphisms with Hélder continuous derivative
An orientation-preserving diffeomorphism ¢ € Diff(S) belongs to the class Diff'™(S) for
a € (0,1) if its derivative is a-Hoélder continuous. That is, the lift ¢ : R — R of ¢ given by
exp(i@(z)) = p(e'®) satisfies

&' (@) =& (Wl <cle—y|* (Vo,y ER)
for some constant ¢ > 0.

We provide Diff' *(S) with the right uniform topology defined by the C't-distance p;o ()
from id to ¢ € Diff' T*(S), where

N S(x) — &
Pria(9) = suplp(C) — | +sup |F(x) — 1| + sup 2D WI
CeS z€eR z#£YER |33 - y|

A sequence @, is defined to converge to ¢ in Diff' **(S) if p1ya(pn 0 p™!) = 0 (n — o). We
note that Diff'**(S) with this topology is a topological group [12].
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2.6. Beltrami coefficients corresponding to Diff' T (S)

For a Beltrami coefficient p € Bel(D), we define an a-hyperbolic supremum norm (« € (0, 1))
by
o 2
l1tlloc,o = ess.sup pi(2) [u(2)],  pp(2) = —5-
zeD 1-— ‘Z|

The space of Beltrami coefficients with ||ft]|o0,o < 00 is denoted by Belj (D).
We can characterise Diff' ™ (S) by its quasiconformal extension to D.

THEOREM. A quasisymmetric homeomorphism ¢ : S — S belongs to Diff' **(S) if and only
if it has a quasiconformal extension f : D — D whose complex dilatation i belongs to Belj (D).

The ‘Only if’ part was essentially proved by Carleson [4], using the Beurling—Ahlfors
extension of quasisymmetric functions on the real line. The ‘If’ part was investigated by
Anderson and Hinkkanen [2], among others, and settled by Dyn’kin [6] and Anderson, Cantén
and Ferndndez [1]. A different proof for an improved statement that is necessary in the
arguments of Teichmiiller spaces was given in [12].

2.7. The Teichmiiller space of Diff'**(S)

The previous theorem implies that the Teichmiiller projection (boundary extension) yields a
surjective map

q : Bely (D) — Diff:t(S),

where the group Diff! T (S) of the normalised elements can be defined to be the Teichmiiller
space 1§ of circle diffeomorphisms with a-Hoélder continuous derivative. Moreover, taking the
topology into account, we have proved the following.

THEOREM [12]. The Teichmiiller projection
q : Bel§ (D) — T = Diff,**(S)
is continuous and open.

Concerning the section given by the barycentric extension, we also obtain that it has the
appropriate image.

PROPOSITION [12]. The image of the barycentric extension
e: TS = Diff.7*(S) — Bel(D)

is contained in Belj (D).

3. An outline of the proof

This section is devoted to a sketch of the proof of the main theorem (Theorem 1.1). The
arguments for the rigorous proof are postponed to the next section. Since the proof is rather
technical and complicated, it will be helpful to provide an outline first.

Assuming the results in Section 2.7, we need only prove the continuity of the barycentric
extension e, namely,



134 KATSUHIKO MATSUZAKI

THEOREM 3.1. We assume that ¢ converges to id in Diff'™*(S). Then, for every ¢, €
Diff**(S), the complex dilatation He(ypopo) CONVErges to fie(,y) in Belg(D); that is,

2 “ :
s (125 ) Wtworn ()~ () 0 (0 i)
zeD 1- |Z|

If e(1) 0 p) = e(y)) o e(py), the proof would be easy. However, the barycentric extension e is
not a homomorphism; it only has conformal naturality. We reduce the theorem to a simpler
form using the following facts.

(1) Composition with a rotation does not change the derivatives of circle diffeomorphisms.
(2) Post-composition with a Mobius transformation does not change the complex dilatations
of quasiconformal homeomorphisms.

Then, we can normalise so that g and 1 fix 1 and the derivative of ¥ at 1 is 1. We will estimate
the complex dilatations on the real interval [0,1) C D. Moreover, we need only consider the
convergence when |z| is sufficiently close to 1, otherwise 2/(1 — |z|?) is bounded and the uniform
convergence of complex dilatations follows from the convergence 1 — id by the arguments for
the theorem in Section 2.4. Thus, the above theorem is reduced to the claim below. The
precise statement regarding the uniformity under conjugations by rotations will be given in
Theorem 6.1 of Section 6.

Hereafter, we will use the following notation. Taking the lift ¢ : R — R of ¢ € Diff(S), we
define its derivative along S at ¢ = €' (-7 < z < 7) by ¢4(¢) := ¢'(z). The distance ds(¢, 1)
between ¢ and 1 along S is then |z|. The a-Holder constant of the derivative of ¢ at 1 is
given by

. — [95(¢) — s (1)]
a(W)() = 1#(28 ds(¢, 1)

CramM. We assume that ¢(1) = ¢o(1) =1 and ¢§(1) = 1. If ¢4 (¢)(1) converges to 0, then
2 (0%
sup (1—t2> He(opo) (1) = He(po) ()| = 0
to<t<1

for some ¢y < 1 sufficiently close to 1.

The strategy to prove the claim is to use the conjugate by

2+t
ht(z): 1+tz

which maps the real interval [—1, 1] onto itself with the end points fixed and sends 0 to ¢. Then,
the conformal naturality of the barycentric extension implies that

€ Méb(D) (-1<t<1),

|Me(¢°¥’0)(t) - Me(@o)(t” = "LL(%(}L;IO'(/)O@()O}H)(O) - lu’e(h;logauoht)(())"

The advantage of this reduction is that we can explicitly represent fi.(,(0) for ¢ € QS(S)
using the Fourier coefficients for ¢ (including the average of —¢?) if e()(0) = 0, that is, if

1
= = — d¢| = 0.
1= £(0) = 5= [ @Ol = 0
Under this condition, we have
a_1 — G/ilb
e 0)= D
He(o)(0) = - ———

1 - 1 -1
a5 [ Gl amvi= o [eo@ gl b= 5o [0l

This follows from [5, p.28]. See also [13, p.115].
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However, there remain the following problems in these arguments.

(1) Handling the weight (2/(1 — t?))® when t — 1.
2) Estimating fi.(., (0) if e(¢)(0) # 0; the barycenters of h; * o ¢y o hy and h; > o) 0 g o hy
() t t
are not necessarily zero.

The solution to problem (1) is provided by a refinement of the following result due to Earle
[7]: If ¢(1) = 1 and ¥4(1) = 1 then h; ' 04 o h; converges to id uniformly on S as ¢ — 1. This
is due to the fact that the conjugation by h; magnifies the mapping of ¥ near 1, and, since the
linear approximation of ¢ has slope 1§(1) = 1, it converges to the identity. Earle provided a
more precise statement for it ‘with future applications in mind’. We now follow his arguments by
utilising the a-Holder constant ¢, (1)(1). Integration of the definition of the a-Hélder constant
(Proposition 4.1) yields

(r/2)* "

a+1 —
BQ) —¢I<Clo -1 (Ces), 0=

“ca(¥)(1).

We can use this to obtain a quantitative version of Earle’s result as follows. The proof will be
given in Section 4.

LEMMA 3.2. We assume that 1) € Homeo(S) satisfies

(O —¢I<CIC—1*F! (Ces)

for some constant C' < 1/4. We set ¢y = h; ' otpoh; for t € (0,1) and choose any & > 0. If
1—t < 1(/(4C))", then [, (¢) — ¢| < € for every ( €S.

This asserts that 1); is uniformly close to id in the order of 4**1C(1 — #)® ast — 1. Hence, this
order offsets the problematic weight (2/(1 —t2))®. Moreover, the convergence C — 0, which
stems from the assumption ¢, (¢)(1) — 0, supports Theorem 3.1.

Towards the solution to problem (2), we consider the barycenter e(¢;)(0) of the conjugate
@i =h; ' o@gohy. Even if e(p;)(0) #0, we can estimate the Fourier coefficients for ¢,
uniformly if e(¢p;)(0) is in a compact subset of D.

For the base point ¢y € Diff' t*(S), the derivative (¢o)5(1) is not necessarily 1. In this case,
the close-up of the behaviour of ¢, in a neighbourhood of 1 by the conjugation of h; converges to
the Mébius transformation hg satisfying (hs)5(1) = (¢0)5(1). More specifically, this is given in
the following claim. The corresponding statement regarding the uniformity under normalisation
by rotation will be given in Lemma 4.2.

CLamM. For £ = (p)5(1) >0, we take h, € M6b(S) with (1 —s)/(1+s) =/ Then, ¢,
converges uniformly to hs on S as t — 1.

We fix t sufficiently close to 1. Then the claim asserts that ¢; is uniformly close to hs. Under
this condition, we can expect that the barycenter e(y;)(0) should be close to e(hs)(0) = s. This
is to be verified in Section 6. Hence, for some g; € Mob(D) close to h; ! (written as g1 = h;!),
we have

e(g10¢4)(0) = 0.
Similarly, since 1, = h; 104 o hy tends to id by assumption,
Yropr=h; oopgoh
is close to hs. Hence, for some go (= h ') € Mob(D),

e(g2 0 ¢ 0 ¢1)(0) = 0.



136 KATSUHIKO MATSUZAKI

We now represent the complex dilatations as

a_1 —ayb
Me(tpt)(o) = N’e(glocpt)(o) = = 1

a; —a_1b’
a_y —apb
ue(d’totﬂt)(o) = Me(gzowtotpt)(w =0

A e VA
a; —a_yb

where aq, a_1, b are the Fourier coefficients for g1 o ¢, and a),a’ ;,b" are the Fourier coefficients
for gs oy o ;. Using the fact that g; = g2, we can estimate

|Me(wtogot) (0) - Me(@t)(0)|

in terms of the approximation of h; ! by g1 and go. This will be carried out precisely in Section 6.

4. Convergence of conjugation of circle diffeomorphisms

In this section, we prove the results on the convergence of conjugation of circle diffeomorphisms
by the canonical Mébius transformations. These are inspired by the paper of Earle [7] and are
necessary for the proof of the main theorem concerning the solution of the problems mentioned
in the previous section.

In what follows, it is convenient to regard S as being parametrised by arc length. For (1, (s €
S, the length of the shortest circular arc connecting them is denoted by ds((1,(2). By the
universal cover ¢ = e : R — S, this is given by

ds(C1, Go) = min{lzy —xo| | G =€, =€} < 7
For ¢1, p2 € Homeo(S), we set
le1 — p2lls = bélégds(w(é‘),soa(é))-

We define ¢ : R — R to be a lift of ¢ € Homeo(S) with exp(i@(x)) = ¢(e'*). For ¢ € Diff(S),
its derivative along S at ¢ = €™ is defined by 5(¢) = @'(z). The a-Hélder constant of the
derivative of ¢ at n = e € S is given by

o BO-dml 5@ -Fw)
L e At L S P

We first prove an elementary fact on the integration of the a-Ho6lder continuous derivative
at 1 €S.

PROPOSITION 4.1. We assume that ¢ € Diff(S) with (1) = 1 and ¥§(1) = 1 satisfies
[¥5(¢) — 1] < eds(¢, 1)

for some constant ¢ > 0. Then,
c(m/2)**!

71a+1'
a+1 < |

[¥(Q) = ¢l <
Proof. The lift ¢ with ¢(0) = 0 satisfies |¢}/(z) — 1| < ¢|z|® for ¢ = €* (=7 < z < ). This
can be written as
1—clz|* < ¢/ (x) <1+ clz|®

Then, integration from 0 to = yields

c ~ c
T — Tﬂlx|a+1 < w($> < T4 mm‘a-&-l.
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Hence,

[6(0) = ¢ < [(e) 2l < = la]™™ < = {(w/2)I¢ 1),

a—+1
for ¢ = €'*, which is the required inequality. U

For t € (—1,1), we utilise a particular Mdbius transformation of D given by

z+t

1+tz

which maps the real interval [—1,1] onto itself with the end points fixed and sends 0 to t.
Lemma 3.2, mentioned earlier, is an application of the arguments in Earle [7, Theorem 2] to an
orientation-preserving self-homeomorphism ¢ € Homeo(S) approximating the identity with a
prescribed order at the fixed point 1 € S. The conjugate of 1) by h; expands the local behaviour
of 1 near 1 globally to S.

]’Lt(Z) =

Proof of Lemma 3.2. We set w = h;(¢). Then,
[9:(0) = ¢l = [hi ' (¥ (w)) = by ()]
_(1—ﬁﬂw(>—w|<200—¢ﬂw—1w“
1= t(w)| - [tw — 1] = [1 = tp(w)[ - [tw — 1|
Using 1 —t < |1 — tY(w)| and |w — 1| < 2|tw — 1] for ¢ € (0,1), we have
9:(¢) = | < 4C|w — 1|

We set § = (¢/(4C))"/*. Then, 4C|w — 1|* < ¢ if |w — 1] < §. Hence, we need only consider the
case |w — 1| > 6.

As before, we have
0(1 t)|w— 12Tt 40(1 —t) jw — 1|@
[P () — ¢ < 1_ _ < -
=) w1~ 1= th)]
This time, we use |1 — ¥(w)| < 2|1 — typ(w)] for t € (0,1). Moreover, since C' < 1/4,
1= W)= |w—1] = [¢(w) - vl
2 |lw-1(1-Clw—-1%) = |w—1]/2.

Substituting these estimates into the above inequality, we conclude that
[ (¢) — ¢| < 16C(1 — t)|w — 1]*7 1 < 16C(1 — )5 1.
If 1 -t < 2(/(4C))"/, then using § = (¢/(4C))"/ we have
16C(1 —t)6* ' <¢

This completes the proof of the assertion. O

We will later consider the situation where the constant ¢ in Proposition 4.1, which will be
taken as the a-Holder constant ¢, (1)(1) of ¢§ at 1 € S, can be arbitrarily small. Then, we can
choose the constant C' in Lemma 3.2 as

c(m/2)o+! 1l
a+1 4
and apply this lemma to the proof of the main theorem.

We denote the rotation mapping 1 to n € S by r,, € Méb(S). The composition with rotations
does not change the derivative at any point n € S of a diffeomorphism g € Diff 1(S). Hence,
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we may assume that ¢( fixes 1. The previous lemma handled the case that the derivative at 1
is 1. The following lemma treats the general case and asserts the convergence of the conjugate
by h; to an appropriate Mobius transformation.

LEMMA 4.2. Let ¢q € Diﬁl(S) and n € S. We consider rotations r,,
set

Two(m) € MOb(S) and

n_ .—1
=T o or
o = Tog(n) ©POC T

which fixes 1 € S. For £, = (¢()5(1) > 0, we take hy, € M&b(S) with s, € (—1,1) satisfying
that (hs,)s(1) = (1 —s,)/(1 + s,) = £,. We also set

o =h;togloh (0<t<1).

Then, for any g € (0,2], there exists §y > 0 depending only on €y and ¢y but not on n € S
such that if 1 —t < g, then

|07 (€) = hs, (O < €0

for every ¢ € S and for every n € S.

Proof. 'We set w = h¢(¢). Then,

(1= £2) g (w) = hs, (w)]

[A1(6) = oy ()1 = I (h(@)) = b sy ()] = e S8

We will estimate the difference between ¢ and hg, near 1.

CLAIM. For any & > 0, there exists 0 > 0 independent of 1) such that if |hs, (W) — 1] < 5,
then

|66 (w) = hs, (W)| < Elhs, (w) — 1.
Proof. 'We consider the lift ¢ : R — R of ¢ with ¢ (0) = 0. Then,

0 (x) = by x +{(85)"(€) — (80)'(0)} =

for some £ € R between 0 and z. Since (@¢)’ is uniformly eqi-continuous independent of ,
[(20)'(€) — (0)'(0)] is bounded by some constant ¢(x) > 0 with ¢(z) — 0 (z — 0). Hence,

|20 () — tyz| < c(@)lz| (Y €8).

We consider the same estimate for the lift Es,, :R— R of hy, with ES" (0) = 0. Since s,, is
uniformly bounded away from —1 and 1 (as ¢, is uniformly bounded away from 0 and oo)
independent of 7, we also have some constant c.(z) > 0 with ¢.(z) — 0 (z — 0) such that

s, (2) — yz| < cu(x)]z]  (Vn €S).

Moreover, since %Sn (z) = iNL’Sn (&) x for some &, € R and since ﬁ's] (&) = min{é,, £}, we
have

1

$<7E xZ)|.
o1 € gzt o (@)

Therefore, we obtain that

c(z) + c(z)
min, s Z,j,ﬂ

185 (x) = hs, (@)] < (c(2) + eu(2))|2] < |hs,, ()],
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Here, Esn (x) — 0 implies z — 0 uniformly. Hence, the coefficient of |Esn ()| in the last term
tends to 0. Transforming this inequality into that for ¢g(w) and hg, (w), we can verify the
required claim. O

Proof of Lemma 4.2 continued. For a given gy € (0, 2], we set & =¢(/4 and choose 5 as
in the claim. We first consider the case |hg, (w) — 1| < 9. Then, by 1 —t < |1 — tyd(w)| and
|hs, (w) — 1| < 2|ths, (w) — 1] for t € (0, 1), the claim shows that

(1= ) i) = hs, @) _ 20 =) [p((w) = b, (W)]
1= tog ()| - [ths, (@) 1] = (1 =1)|hs, (w) — 1]

<4€~:Eo.

Thus, we obtain [} (¢) — hs, (¢)] < &0 without imposing any restriction on ¢ € (0,1) in this
case.

We now consider the case |hg, (w) —1| > 5. Then, using |1 — ¢f(w)| < 2|1 — tp(w)| for
t € (0,1) in addition, we have

(=) [pg(@) = hs, @) _ 401 =) |pf(w) = hs, (@) _ 16(1—1)
11— tog ()] [the, (@) = 1] = 1= @g(@)] s, (@) =1 = 1 - pf(w)|

Here, if |h,, (w) — 1] = 6 then
1= @)l = |hs, (@) = 1] = |hs, (W) — @g(w)]

> (1= 8)|hs, (W) — 1] 2 /2

by the above claim and & < 1/2. However, since ©( is a self-homeomorphism of S, this is also
true even for |h,, (w) — 1| > 6. Hence,

16(1 — t) 32(1 —t)
? - hs,, < =< < = .
P00) = he, (O < s < =

By choosing §p = 5052/32, we obtain the assertion. O

5. Average of circle homeomorphisms

The barycentric extension is defined by considering the average of a circle homeomorphism.
In this section, we will establish properties of the average and the vector field given by the
average function.

We recall that the Mébius transformation vy, € M6b(D) is defined by

zZ—w

") = 15,

for each w € D. We first list properties of 7, that will be used later. They are verified easily.

PROPOSITION 5.1. The Moébius transformation =, € Mob(D) for each w € D satisfies the
following:

2 _
(1) |yw(z) — 2] < 1 |u|1| | for every z € ;
—|w
1—|wl® , , o 1wl 1+ |wl
2) |, = ——— Is the P kernel, which satisfi < | < fi
(2) 1y, T wp is the Poisson kernel, which satisfies 7— ol 1725 (O] T w] or
every ( € S;

) 3= [ (1] = .
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For ¢ € Homeo(S), we define its average taken at w € D as
1 [ o) —w
Eo(w) = — / —————|d(].
ST Sl
Then, &, is a complex-valued differentiable function on I that can be regarded as a vector field

on D. If ¢ € Homeo(S) is close to id, then the vector field £, is close to &q, as the following
claim shows.

PROPOSITION 5.2. If ¢ € Homeo(S) satisfies ||¢ —id||s < €, then |{,(w) — &a(w)| < 2¢ for
every w € D.

Proof. The definition of £ implies that

|€p(w) — &a(w)| = 5

- [t i - 5 [0 1ac].

Then, this is estimated from above by

1 1 »(¢) ,
3 [ PulelO) =@l < 5 ( / vw(n)lldn> .

where the inner path integral is along the circular arc from ¢ to ¢(¢). Since ds(¢(¢),¢) < &,

C+e

this integral is strictly bounded by [>"" |v,,(n)| |dn|. Hence, we have

C+e
60 (w) — Eua(w)] < 217r/</< I%’U(n)ld?ﬂ) < 5= [ o)l an] = 2.

where the last equality is due to the fact that |/, (n)| is the Poisson kernel by Proposition 5.1
(2). O

REMARK. Since &q(w) = —w, by Proposition 5.1 (3), we have [{,(w)+ w|<2¢ in
Proposition 5.2.

The barycenter of ¢ € Homeo(S) is defined to be a point w € D such that {,(w) = 0. It can
be shown that it is unique for every ¢ € Homeo(S) (see [5, Proposition 1; 13, Lemma 5.20]).

COROLLARY 5.3. If ¢ € Homeo(S) satisfies ||¢ —id||s < &, then the barycenter w € D of ¢
satisfies |w| < 2e.

Proof. The barycenter w of ¢ satisfies &,(w) = 0 by definition. Then, the result follows from
Proposition 5.2 and the remark after it. O

We generalise the above proposition to an assertion on the difference between any two average
functions and the difference between their derivatives.

PROPOSITION 5.4. For any ¢, € Homeo(S), the following inequalities are satisfied for every
w e D:

(1) Ieptw) - 65(0)] < Tl - vl
ju |
) 106 () - 06 w)] < Al — vl

|
(2 - |w I)(1 + le)
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Proof. (1) Simple computation yields
p@Q-w  ¥Q-w _ (1=]wP)(eQ)-¥(Q)
L—we(Q)  1—wy(Q) (1 —we(Q))(1 —wp(C))

Estimating the absolute value of the denominator from below by (1 — |w|)?, we have the

assertion.
(2) The O-derivative of &, is

Iy (w) = 2i / m |dc],

and the same is true for ;. Then,
o T T (s I ()
L—wp(C) 1-wy(C) (1—wp(Q))(1—ap(Q)

By the same estimate for the denominator as before, we have the assertion.
(3) The O-derivative of &, is

Bt (w) = —/M dc],

27TS

and the same is true for &,;. Then,

(p(¢) =w)e(€)  (¥(¢) = w)

(1 —wp(())? (

_ (@(Q) = (ON{e(Q) + ¥ (Q) + w(|wl* — 2)p()v(¢) — w}
(1= wp()*(1 = wy(())* '

We estimate the absolute value of the second factor of the numerator as

|2(¢) + ¥(0) + @(Jwl* = 2)e(Q)w(¢) — wl
<2+ |wl(2 = wl*) + |w] = (2 = [w)(1 + w])*.

)

¥(¢
wip())?
¥(©)

By the same estimate for the denominator as before, we have the assertion. O

We will now see that if ¢ € Homeo(S) is close to id and normalised so that its barycenter is
at the origin 0 € D, then [£,(w)| can be estimated from below by |&q(w)| = |w| near the origin.

LEMMA 5.5. We assume that ¢ € Homeo(S) satisfies ||¢ — id||s < € and £,(0) = 0. Then
(1 =56¢)|w| < |§(w)]
for every w € D with |w| < 1/2.

Proof. For any such w € I, we consider the segment connecting to 0 € D. We represent this
segment by v(s) with the arc length parameter s € [0, |w]], v(0) = 0, and v(Jw|) = w. Then,

ful s o] o |
o) = [ B g [T 0, (1616 + g, (2 (s1)e ),

where 6 = argw. From this, we have

o flwl _ ,
Eo(w) +w = 619/0 (08 (v(s))+1+ 8§¢(7(s))e_2’9)ds.
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For |w| < 1/2, we apply Proposition 5.4 (2) and (3) with ¢ = id to obtain

|w]

Jw| _
|@WHM<A wamm+uw+£ 136, (+(s))] ds

< 2¢e|w| + bde|w| = 56¢|w].
It follows that (1 — 56¢)|w| < £, (w)|, which is the required inequality. O

We choose € > 0 so that € < 1/112. Under this condition, if ||¢ —id|ls < ¢ and £,(0) =0,
then £, (w)| > |w|/2 for |w| < 1/2 by Lemma 5.5.

LEMMA 5.6. We assume that ¢y € Homeo(S) satisfies £,,(0) = 0 and [£,,(w)| > |w|/2 for
|lw| < 1/2. If ¢; € Homeo(S) satisfies |1 — ¢olls < e with 0 < e < 1/12, then &,, (w) has a
zero, which is the barycenter of o1, in |w| < 6¢.

Proof.  Since |¢1 — ¢olls < e, Proposition 5.4 (1) implies [&,, (w) — &y, (w)| < 3¢ for
|w| < 1/2. Moreover, on the circle |w| = 6e < 1/2, we have |{,,(w)| > |w|/2 = 3e. Then, by
the argument principle, the rotation numbers for &, and §,,, regarded as vector fields, are the
same along the circle |w| = 6e. Since &, (w) has a unique zero in |w| < 6¢, the Poincaré-Hopf
theorem implies that &,, (w) also has a zero in |w| < 6e. O

6. Proof of the main theorem

This section is entirely devoted to the proof of the main theorem in the form of Theorem 3.1. In
fact, we first show that it can be reduced to Theorem 6.1 below. Then, we prove this theorem
by dividing the arguments into several claims.

We fix an arbitrary n € S. Let r,, € Mob(S) be the rotation that maps 1 to 7. By composing
with suitable rotations, we have the decomposition

-1 -1 -1
Tpope(n) © ¥ O 0O Ty = ("womm) °go %(m) © (TWJ(U) °wo° rn)
so that both ¢ := r;ol(m o oryand Y’ = T;;%(n) 09 o1y, fix 1. Moreover, we can choose

u =y, € (—1,1) such that ¢ := h,, o " satisfies (¢])5(1) = 1. We note that ¢ (1) = 1 still
holds after this operation. Under these assumptions, we will prove the following.

THEOREM 6.1. We assume that (1) = ¢l(1) =1 and (¢)5(1) = 1. Then, there exist
constants ty € [0,1) and A > 0 depending only on ¢ such that if to <t < 1 then

2 “ ~
(25) Betsgests(® = sy < Aealed )
for every n € S with ¢, (¥])(1) < 1/8.

Theorem 6.1 = Theorem 3.1. If 9 converges to id in Diff' **(S), as assumed in Theorem 3.1,
then the a-Holder constant ¢, (¢)(n), in particular, converges to 0 uniformly with respect
to n €S. Since co(¥)(wo(n)) = ca(¥")(1), this also converges to 0 uniformly. Moreover, it
follows from the convergence of the derivative of ¢ that ¥§(wo(n)) = (¥")5(1) converges to 1
uniformly. This implies that w, , converges to 0 uniformly. Therefore, ¢, (¢)(1) also converges
to 0 uniformly with respect to n € S.

The conformal naturality implies that

He(pdopl (t) = Ne('z/zoapo)(z) v He(pl! (t) = /Le(tpo)(z)

)

I |
I |3
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for z = tn € D. Then, Theorem 6.1 shows that

2 @ )
sup () etworn) (2) — ooy ()] = 0 (4 = id).

to<|zl<1 \1 — |2[2

Moreover, for z € D with [2]| < o, fe(pop,)(2) converges to fie(,,)(2) uniformly as 9 converge
to id uniformly, which was proved in Douady and Earle [5, Proposition 2]. This proves
Theorem 3.1. O

We consider the conjugate ¢ = h; ' o ¢( o hy fort € (0,1). Weset (¢7)4(1) = £, and take hs,
with (1 —s,)/(1+s,) = {,. Since ¢,, = (po)5(n), there exists some constant L > 1 depending
only on ¢y such that L=! < ¢, < L for every n € S. For a certain constant ¢y € (0,2], which
will be fixed later, we choose Jy > 0 as in Lemma 4.2. We now consider any t > 0 with
0<1—t<dy.

CrAM 1. Under the above assumption, we have
Hh;nl o] —id|ls < mLep/2.

Moreover, the barycenter w; , of hs_”1 o @} satisfies |wy,,| < mLey.

Proof. Lemma 4.2 asserts that if 1 — ¢ < o, then [} (¢) — hs, (¢)| < g¢ for every ¢ € S. This
condition implies that ds(¢f (¢), s, (¢)) < meo/2. Since [(hy ") (¢)] < L, by Proposition 5.1 (2)

applied to w = s,,, we have ds(h;}1 0 (€),¢) < mLeo/2 for every ¢ € S. This proves the first
statement. Then, Corollary 5.3 implies that |w;,| < 7Leo. O

Using this barycenter wy ,, we set

z — wt_’n

Jtn(2) = 1—w 2
m

Furthermore, we define g, = ji,, © h! € Méb(D). Then, the constant g € (0,2] is given as
, , "
follows. We first prove the following inequality:
gt © @ —idlls = ey 0 by, o @) —idlls
<o o st o @) = hytollls + 1kt ol —id|s
= e —idlls + [Ih5, 0 ¢} —id]ls
m  2-wleg wlLeg
< 5 )
2 1—mLeg 2
where the last inequality is due to Proposition 5.1 (1) and Claim 1. We set the last term in the

above inequalities as &y. We now choose ¢q € (0,2] so that 0 < & < 1/112 and o < (2rL) L.
This, in particular, implies |w; ,| < 1/2 by Claim 1.

CLAIM 2. The average function of g, , o ¢} given by

1 Gt © @/ (¢) —w
/

W) =5z Jo1- Wgt.y © ¢ (C) ldd

:27r

satisfies £(0) = 0 and [¢(w)| = |w|/2 for |w| < 1/2.

Proof. The barycenter of g; , o ¢} is
e(g.n © 91)(0) = jon(e(hy,! 0 97)(0)) = jey(wey) = 0.
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This implies that £(0) = 0. Then, Lemma 5.5 with ||g;,,, o ] — id||s < &y < 1/112 implies that
[§(w)] = (1 = 5680)[w| = [w|/2
for |w| < 1/2. O

For the same ¢ with 0 < 1 —¢ < §p as above, we consider the conjugate v, = ht_1 o1l o hy
and the decomposition

Gr oV} 0 0] = (gem 0 0 giy) 0 (gry 0 ©7)-

Since |g;} (0)| = |hs, (we,,)| and |wy | < 1/2, there is 7 € [0,1) depending only on L such that
lg;(0)] < 7. We set R=(1+7)/(1—r). We take £ >0 arbitrary with e <1/(100R), and
assume hereafter that ||¢) —id ||s < e.

CLAIM 3. The barycenter w. of g, o ¢ o ] satisfies |w.| < 6Re.

Proof. Since ||/ —id ||s < & and |g;, (0)| < r, we see from Proposition 5.1 (2) that

gt 0 ¥ © @ = grn o @ lls = llgem © % = grnlls < Re (<1/100 < 1/12).

Since g¢, o ¢ is as in Claim 2, Lemma 5.6 asserts that g;, o ¢ o ] has the barycenter in
|w] < 6Re. O

Using this barycenter w,, we set

. Z — w,
z)= ——.

J=(2) 1 —wez

Furthermore, we define g. ;, = j- o gi,, € M6b(ID). Then, the barycenter of g. ;. o ¢y o ¢} is
0. This is due to the fact that

e(ge,t.n 0 ¥ 09])(0) = je(e(ge.y 0 ¥ 0 9))(0)) = je(w:) = 0.
CLAIM 4. ||gztn o) 0] — grno @l lls < 25Re < 1/4.

Proof. We have obtained that g, oy o g;% —id|ls = [|gt,y © ¥ — genlls < Re in the
previous proof. Then, Proposition 5.1 (1) and Claim 3 yield

192,80 © ¥/ © 0 = ge o 91 lls
= ”ga,t,n o ¢? o g;; —id ||S

<lljeogemovi o gy — grmovi ogiplls + gm0 ¥ o gy —id|ls

T 2-6Re

L N
9 T_GRe TSN

Since we have chosen € > 0 so that € < 1/(100R), the last term in the above inequality is
bounded by 25Re < 1/4. O

We will compute the complex dilatation of the barycentric extensions of ] and v o ¢}
at 0 € D and estimate their difference. For this purpose, we replace them with g, o ¢} and
ge.t.n © Y o @], respectively. This is possible as post-composition with a Mébius transformation
does not affect the complex dilatation. In addition, since the barycenters of both g; ,, o ¢, and
Ge,tny 0 Y 0 @] are 0, as we have seen above, we can represent the complex dilatations explicitly
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in terms of the Fourier coefficients for g; , o ¢} and g. ., o ¢ o ¢}, as mentioned in Section 3.
Namely,

a_q1 — G,ilb
et (0) = He(gunoen (0) = =7,
where
1 [ . 1 .
a; = o C(gt,n 0%)(0 |d<|’ a_1= 57— C(gt,n o %)(C) |dC|7
™ Js 2m S
b= [0l 1
2 S tn t ’
Similarly,
a_, —ajl
Hewiopt) (O) = Hetoermouiost () = T
where

i = 5 [ Wouen oW 0 DNOWKL als = 50 [ Claun ot o pl(Q) el

-1
= 5 [erno v 01O laC]

In Claim 4, we obtained the difference between g, , o ] and g. .., o ¢ o ¢;. Hence,

1 _
a1 —al| < 5 /S G125 Rz |dC| = 25 Rz,

1
o= a| < 5 [ I25Re dc) = 25,

1
b—b| < —
| | o

/2 - 25Re |d¢| = 50Re.
s
Moreover,

a_y—aib a_, —ayb

N
ar —a—tb  a —ad |V

ay —azib| - ah — b

|/’La(tpf)<0) - ue(w?ogp?)(())' =

Simple computation and the above inequalities show that the numerator N is estimated from
above by a positive constant multiple of e, for instance, 300Re.
For the estimate of the denominator from below, we first consider the following:

lay —a=1b| = |a1| — [a—1][b] = |a1| = a—-1],
jay = aZy b = |ay] — [’ [[V'] > |ai] —[a’].
We set § = |a1|? — |a_1]? and &' = |a}|? — |a’_1|*. Then,

5 5 ) 5 5

—la_q]l=———>— A =
sl = ol = e 2 5 el = el = 1

Here, we see that g¢,, 0 ¢} and g. ¢, 0 9; o ¢} are uniformly close to id within 7/6. Indeed, the
definitions of £y and Claim 4 yield that
19t 0 —id ls < &0 < 1/112;

ge.t.y 0 i 0 ©f — gemo@llls < 1/4.
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Then, by Pommerenke [13, Lemma 5.18] interpreting [5, Lemma 3], we have that § and §’ are
uniformly bounded away from 0. Thus, we can find some constant A > 0 depending only on R
such that

ltte(om) (0) = He(yropn (0)] < Ae

for every ¢ € [1 — dp, 1).
The conformal naturality again yields

>

(0
(0)

~

‘LLE(S"?)(O) = 'u“e(hflogpgoht)(o) = :u‘htfloe(apg)(ht(o))h = He(py (t)7

/
t

l‘e(w?w?)(o) = Ne(ht_lowgocpgoht)(o) = /‘h;loe(wgwg)(ht(o)) 7(0) = Ne(wng,’)(t)~

>
o

Therefore,

He(om) () = Be(propn) (O] = [te(or) (0) = Heyropn (0)] < Ae
for every n € S and every t € [1 — o, 1).

The assumption for this conclusion was that ||¢; —id||s < e for € < 1/(100R). Proposi-
tion 4.1 and Lemma 3.2 imply that if we choose ¢ and e :=2¢/m in the relation 1 —t =
1(€/(4C))"*, then we can obtain that condition. Here, C = C,, is given by the a-Hélder
constant ¢, () (1) as

ca(¥)(1)(m/2)* "
Cy = : a+1 < 2%(1/)67)(1),
and can be assumed to be bounded by 1/4. The above relation is alternatively written as

1
=410 (1 - 1) < ——.
‘ (1=0" < 550

Then, we can find a constant ty with 1 — dg < 9 < 1 depending only on R, and hence only
on (g, such that

qot+l o
Hetugopy) () = Hetopy (O] < A (

a+2
=5 2) eawma -

for every n € S with ¢, (1¢)(1) < 1/8 and every t € [to, 1). Therefore, we have
2 \“ ~
(1 _ t2> |'u6(’l/130%7)(t) - :ue(apg)(t” < Aca(wg)(l)
for some constant A > 0 depending only on ¢g. This completes the proof of Theorem 6.1.
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