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The Petersson series for short geodesics

Katsuhiko Matsuzaki™

Abstract. We consider the relative Poincaré series of a certain automorphic form with
respect to a hyperbolic cyclic subgroup, and estimate the difference of the sum from the
first term in terms of the translation length of the generator of the subgroup. As an ap-
plication we explicitly construct an integrable but unbounded holomorphic automorphic
(2,0)-form for any Fuchsian group containing hyperbolic elements of arbitrarily small
translation length.
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1. Introduction

The holomorphic quadratic differentials on a closed Riemann surface R of genus
g > 2 form a vector space of dimension 3g — 3. This number is the same as the
maximal number of non-trivial simple closed curves on R which are mutually dis-
joint and not freely homotopic to each other. For any non-trivial simple closed
curve o, we consider the annular covering of R with respect to o, namely, a holo-
morphic covering A, — R which induces an injection of the fundamental group
of Ay onto () C m1(R). On the annulus A,, there is a canonical holomorphic
quadratic differential (2)dz? associated with the euclidean structure of A,. The
relative Poincaré series operator with respect to the covering A, — R projects
¢(2)dz* to a holomorphic quadratic differential ©,(z)dz? on R. We call this the
Petersson series operator.

Wolpert [5] proved that the first variation of the Bers embedding for the
Fenchel-Nielsen deformation about ¢ is a constant multiple of ©,. The differ-
ential of the geodesic length function for a homotopy class ¢ at the point R of
the Teichmiller space is also given by ©,. Using these facts, he showed that for
the maximal curve system {oy,... 03,3}, the set {©,,,...,0,,, .} is a basis
system of the vector space of the holomorphic quadratic differentials on R which is
regarded as the cotangent space of the Teichmiiller space at R. Thus the Petersson
scalar product gives the Weil-Petersson metric on the Teichmiiller space in terms
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of the Petersson series. These results link differential geometry on the Teichmiiller
space with hyperbolic geometry on the Riemann surface.

A certain estimate of the Petersson series is utilized in the above context by
Wolpert [6]. Appreciating its importance, we prove his estimate in a different way
and a little more generally in this note. Our technique is based on an idea of
Ahlfors [1]. Our result is valid for any Fuchsian group, possibly with an infinite
number of generators and with torsion. As an application, we give a method of
constructing an integrable but unbounded holomorphic automorphic (2,0)-form
for any Fuchsian group which contains hyperbolic elements of arbitrarily small
translation length.

The author would like to express his sincere thanks to Dr. Lesley Ward for
reading the manuscript carefully and making a number of helpful suggestions.

2. Preliminaries

In this section, we give notation and facts which are used later.

We use the upper half plane model of the hyperbolic plane H equipped with the
hyperbolic metric ds = p(¢)|d¢|, where p({) = 1/Im (. Let G be a non-elementary
Fuchsian group acting on H, not necessarily finitely generated. By conjugation, we
may assume that G contains a hyperbolic element with repelling fixed point 0 and
attracting fixed point co. Let y(¢) = €!¢ be a primitive element of this form; [ is
the translation length of ~.

A collar of v is a neighborhood of the axis o, of the form

{CGH’ng§argC§g+0}

that is invariant under the normalizer of () and equivariant under G. It is known
that there is a universal constant Ly > 0 (the Margulis constant) such that v has
a collar whenever [ is not greater than Lg. Furthermore, the collar lemma (see [3])
asserts that there is a collar of v whose area m modulo (v) is I/(2sinh L) (then
% — 0 = arctan(l/m)). Letting this collar be CA’W, we denote by C, a smaller collar
of half the area of (:K,. We call the geodesic line 3 joining —1 and 1 the transverse
line. Along this line, the euclidean distance from 86’7 to the real axis R is O(1)
(~ 5 —0)asl — 0, and so the euclidean distance from dC, to R has the same
property.

We choose a positive constant Ly as follows: for v(¢) = eX1(, the collar C,
has width (that is, distance between the axis ., and the boundary 9C,) equal to
21og(v/2+1). The meaning of this value will become clearer in the proof of Propo-
sition 2. Hereafter, we always assume that [ is not greater than L = min{Lo, L }.

The normalizer of (v) is either the cyclic group itself or the dihedral group with
an additional generator of order 2. We denote the normalizer of () by T'.
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We transfer this discussion to the unit disk D = {z € C | |2| < 1} via the
Moébius transformation
C—1i
¢+
The hyperbolic metric on D is Fy(ds) = p(z)|dz|, where p(z) = 2/(1 — |2|?). The
Fuchsian group G is conjugated by F' to a Fuchsian group, and the element +y is
conjugated by F' to a hyperbolic element

(e + i)z + (e — 1)
(et —i)z+ (el +1i)’
with fixed points —1 and 1. We denote these by the same symbols, G and v, as
before. We do the same for the axis F'(c,), the collar F/(C,) and the transverse
line F(8) =DnN{z|Rez = 0}. Since |F’(¢)| is bounded away from 0 and oo in a
neighborhood of the transverse line, we also see that the euclidean distance from
0C,, to 0D along 3 is O(l) as I — 0.
We say a function f on H or D is an automorphic (m,n)-form (m, n € Z) for
a Fuchsian group G if it satisfies f(g(2))g'(2)™¢'(2)™ = f(z) for every g € G. If
©(z) is an automorphic (2, 0)-form for G, then |¢(z)| is a (1,1)-form. We say ¢(z)
is integrable if the integral of |p(z)| over a fundamental region of G is finite.
Given a subgroup I' of a Fuchsian group G and an integrable automorphic
(2,0)-form ¢ for I, we define the relative Poincaré series operator O\ by

Onap(z) = D wlh(x) (=)

[R]eT\G

F:H>(—z= e D.

Z

The sum is well-defined since it is independent of the choice of representatives of
the right cosets [h] € I'\G. It converges to an integrable automorphic (2,0)-form
for G. We can also apply the relative Poincaré series operator to an integrable
(1,1)-form v for T,

Onav(z) = Y ()N () (2),
[

hleT\G

obtaining a (1,1)-form for G.

The holomorphic function 1/¢% on H is an integrable automorphic (2, 0)-form
for I', for any translation length [, where I is either a subgroup of G generated
by 7(¢) = e!¢ or an index 2 extension of such a subgroup. We call the relative
Poincaré series O\ ¢(1/¢?) the Petersson series.

Again we consider a Fuchsian group G acting on D. We regard the constant
function = 1 as an integrable (1, 1)-form for {id} and apply the (relative) Poincaré
series operator O¢ to it. Then we have an automorphic (1, 1)-form for G,

Ne(2) =19 )P
geG

It is obvious that for any subgroup I' of G,
Or\GAR(2) = AG(2).
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The square of the hyperbolic density p?(z) is an automorphic (1, 1)-form for the
group of all M6bius transformations. Thus for an automorphic (2, 0)-form ¢ for G,
p~2(2)|p(2)] is an (0,0)-form (in other words, an automorphic function for G),
and so is p~2(2)A4(2).

3. Statement of theorems

First we estimate the relative Poincaré series Or\g of an automorphic form ¢
for I'. We need not assume that ¢ is holomorphic, though we require that ¢ is
bounded relative to AZ. Hence our estimate is actually for O gAf = A%. Ahlfors
[1] proved that ,0_2)% is bounded by a constant depending only on G. Our result
gives a bound depending only on the translation length of v in certain regions.

Theorem 1. Let G be a Fuchsian group acting on I which contains a primitive
hyperbolic element ~ of translation length | (< L) with fized points —1 and 1.
Suppose that |(2)| is an automorphic (1,1)-form for T such that A\p2(2)|p(2)| is
bounded by some positive constant M. Then there is a constant K1 > 0 depending
neither on l nor on G such that

(1) p2(2)Or\cle(2)] < KiMl for z € D — G(Cy); and
(2) p2(2)Or\cle(2)| — p2(2)le(2)| < KiMl for z € C,.

Next we apply Theorem 1 to the estimate of the Petersson series. We have
only to compare 1/¢? with the pull-back of M2 to H by F : H — D. The following
theorem asserts that the Petersson series with weight 91_12 is approximated by its
first term in the collar C, and converges to zero outside the collar, as [ tends to
zero. This result has been obtained by Wolpert [6] (Lemma 2.2) with a hyperbolic
geometry proof, whereas our proof has a flavor of complex analysis.

Theorem 2. Let G be a Fuchsian group acting on H which contains a primitive
hyperbolic element y(¢) = e'¢ (I < L). Then there is a constant Ko > 0 depending
neither on I nor on G such that

(1) p72()On\al1/¢?| < Kal? for ( € H—G(C,); and
(2) p2(Q)On\al1/C? = p~2()I1/C?] < Kal? for ¢ € C,.
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4. Preparation for proof

In this section, we prove two propositions used in the proof of Theorem 1.
The first one is based on the mean value property of holomorphic functions.
We also use a certain property of the collar.

Proposition 1. Let G be a Fuchsian group acting on D which contains a primitive
hyperbolic element v of translation length | (< L) with fized points —1 and 1. Then
there is a constant K > 0 depending neither on I nor on G such that

p 2(2)\4(2) < KI

for any z on 0C,.

Proof. By the mean value theorem for a holomorphic function f, we have

1
s = [ s

where U(z,r) is an euclidean disk with center z and euclidean radius r. We apply
this to ¢/(2)? at z € C,,. We also require that the orbits G(U(z,r)) are mutually
disjoint. The following lemma (cf. Bers [2], Lemma 4) enables us to choose a
positive constant d depending neither on [ nor on G such that G(U(z,r)) are
mutually disjoint for z € dC,, and r = dp~1(z).

Lemma 1. Let G be a Fuchsian group which contains a primitive hyperbolic el-
ement v of translation length I (< L). Then there is a constant d > 0 depending
neither on I nor on G such that every hyperbolic disk B with hyperbolic radius d
and center on OC., satisfies g(B) N B =0 for all g € G — {id}.

Now setting U = U(z,6p~1(z)), we have

9GP = = [ [ g dudn

Then taking the absolute value and the sum over g € G, we have

p2(2)N4(2) < # //U Z |9/ (w)|? du dv = # // du dv.

geG G(U)

Here the orbits G(U) are outside the collar C, except for I'(U). The euclidean
area of D — C,, is O(l) as [ — 0 because the distance from 9C.,, to JD along the
transverse line 8 is O(l). Therefore the last integral is bounded by a constant
multiple K1 of [. a

The next proposition is a crucial point in our argument, which is based on
Ahlfors’” argument in [1].
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Proposition 2. Let G be a Fuchsian group acting on D which contains a prim-
itive hyperbolic element v of translation length | not greater than L and with
fized points —1 and 1. Then the automorphic function p=2(2)\%(z) restricted to
D — G(C,) is subharmonic, and it takes its mazimum value on OC,. Moreover,
p2(2) (N4 (2) — Ai(2)) restricted to C, is subharmonic and takes its mazimum
value on 0C,.

Proof. We know
P2 (2NE() = £ 30 (1= lg(2) ).

geG

We calculate the Laplacian of (1 — [g(z)]?)%:

A1 = g(2)*)* = 8(2lg(2)]* = 1)|g'(2)]*.

This is positive outside g~'(B), where B = {z | |z| < 27/2}. By the definition
of L, we see that if I < L, then B C C,. Hence each (1 —|g(2)|?)? is subharmonic
outside G(C,), and so the sum Y- (1 — [g(2)[*)? is also subharmonic outside
G(C,).

Suppose that there is a point zg € D—G(C.,) where p~2(2)A\%(z) takes a greater
value than on G(9C,). Then we can take a finite approximation > (1 — |g(2)|*)?
whose value at zg is still greater than on G(9C,,). However, the finite sum is also
subharmonic and identically zero on dD, so it satisfies the maximum principle.
Thus we have a contradiction. Since p~2(2)A%(z) is an automorphic function for G,
the maximum value on G(9C,) is the same as the maximum value on 0C,,.

Next we have

PEOER) A ) =1 Y (L-lg)P)?

geG-T

Since g~!(B) is disjoint from C,, for every g € G — T, we see that p=2(2)(\%(z) —
A2 (z)) is subharmonic in C,, where the maximum principle holds. Thus it takes
its maximum value on 9C,. O

5. Proof of theorems

Proof. (Theorem 1) By the assumption Ap?(2)|¢(2)| < M, we have
Or\ale(2)| £ MOr\eAR(2) = MAZ(2);
Or\ale(2)] = p(2)] < M(Or\eAR(2) = Af(2)) = M(Ag(2) — AR(2)).

Thus we have only to estimate p=2(2)A%(2) and p=2(2)(A%(2) — Ai(2)).
By Proposition 2, it suffices to estimate them on 9C,. By Proposition 1, they
are bounded by K. Thus, setting K; = K, we have the theorem. ad
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Proof. (Theorem 2) We transfer the automorphic (2,0)-form 1/¢% to D via the
Mobius transformation F' : H — D, and then apply Theorem 1. Let

1 (F~1)'(2)?
o= (i) = it
This is an automorphic (2,0)-form for FT'F~!. We consider the ratio of |p(2)| to

Aprp-1(2):

(A _ [ (FO)F ()

Aprp-1(2)  Xger [(FYF=Y (F(O)PIE (O
_ 1/¢?] 4y (O1* 1
X POy [Z +z|4} '

Now we estimate this value. We may assume that ( € H is in a fundamental
region {1 < [¢| <€} of( ). Then

Z 4|C,.Y Z 4|6nlc|2 Z 4€2nl
+Z|4 |€nlc+l|4 - oper (e(n+1)l+1)4
l

2n 4e2nl 1
= Z 26(”+1)l + Z 262l( 1)'

n<—2

Therefore

)\2|90(Z)|( ) < €2l(€2l _1) < kl
FTF-1

for some positive constant k.
Setting M = kl, we apply Theorem 1. We have

P 2(2)Opm\a)r-1|@(2)] < Kikl? for z e D — G(Cy)
and

p2(2)Orm\ayp-1e(2)] = p 2 (2)lp(2)| < Kikl? for z € O,
Pulling back by F', we get the required inequalities (1) and (2) with Ko = K1k. O

6. Application

As an application of Theorem 2, we give an explicit construction of an inte-
grable holomorphic automorphic (2,0)-form ¢(z) for a Fuchsian group G such
that p=2(2)|p(2)| is not bounded. Such examples were first constructed by Pom-
merenke, and recently, by Ohsawa. In this section, which is motivated by Ohsawa’s
preprint, we show the construction is possible whenever G contains hyperbolic el-
ements of arbitrarily small translation length. The existence of such a (2,0)-form
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was a problem raised by Lehner. Niebur and Sheingorn [4] answered the question
completely, but they did not give an explicit construction.

Our construction is as follows. Let G be a Fuchsian group of the type just
described. We can choose a sequence {7y, }nen of primitive hyperbolic elements
whose translation lengths [,, satisfy I, < L/n*. For each n, we construct an
automorphic (2,0)-form 1, (z) for G by the Petersson series for I',\G, and set
Un(2) = 1, /24, (2). Then take the sum

U(z) = 3 dal2),
neN

which is also an automorphic (2,0)-form for G if it converges.

Theorem 3. For a Fuchsian group G which contains hyperbolic elements of arbi-
trarily small translation length, the above W(z) is an integrable holomorphic auto-
morphic (2,0)-form for G such that p=2(2)|¥(2)| is not bounded.

Proof. First we show W(z) is integrable. Let w be a fundamental region of G. For
each n, we have

0 1
// \wn(z)ldmdyéln*”?// — d€dn = ml, M2
w 1<)¢l<etn (€]

Since we have chosen I, < L/n*, we see [[ |¥(2)|dxdy < mvL3 (1/n?), which
converges.

Next we show p~2(2)|¥(2)| is unbounded. By Theorem 2, we have p~2(2) |, (2)|
< Ksl,? outside G(C,,) and p~2(2)[¢n(2)| > 1 — Kal,* on G(a, ), where a.,, is
the axis of ~,. Since the collars are disjoint for distinct n, we see

PP @N()] 21— Ky Y 1,
meN

on G(a.,, ). The sum on the right hand side converges. Letting n — co, we see that
p~2(2)|¥(z)| is unbounded. O
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