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Invariance of the Nayatani metrics for Kleinian manifolds
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Abstract The Nayatani metricgN is a Riemannian metric on a Kleinian manifoldM which
is compatible with the standard flat conformal structure. It is known that, forM correspond-
ing to a geometrically finite Kleinian group,gN has large symmetry: the isometry group of
(M,gN) coincides with the conformal transformation group ofM. In this paper, we prove
that this holds for a larger class ofM. In particular, this class contains suchM that correspond
to Kleinian groups of divergence type.
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1 Introduction

Let M be a differentiable manifold of dimensionn≥ 2 endowed with a conformal structure
C. We call the pair(M,C) conformally flatif eachg∈C has an expression of the form

g = λ (x)
n

∑
i=1

(dxi)2

locally for some local coordinates(xi) of M and a functionλ > 0 on M. If n = 2, it fol-
lows from the existence of the isothermal coordinates that(M,C) is always conformally
flat. Hence a conformally flat structure can be regarded as a generalization of the conformal
structure of a surface. Schoen and Yau [7] showed that there is an extensive class of con-
formally flat manifolds that can be realized as Kleinian manifolds. In particular, this class
contains all compact conformally flat manifolds(M,C) of dimensionn≥ 4 having the prop-
erty thatRg > 0 for someg ∈ C, whereRg denotes the scalar curvature ofg. Here, by a
Kleinian manifold, we mean a quotient spaceΩ/Γ of a Γ -invariant subdomainΩ of the
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n-dimensional sphereSn, by a Kleinian groupΓ acting freely and properly discontinuously
on Ω . Since the action ofΓ preserves the conformal structure ofΩ , Ω/Γ has the standard
flat conformal structureC0 induced by the natural projection.

Let Γ be a Kleinian group with the domain of discontinuityΩ(Γ ) 6= /0 and the critical
exponentδ (Γ ) > 0. Nayatani [4] constructed aΓ -invariant metricgN on Ω(Γ ), which is
conformal to the standard sphere metricg0 onSn =

{
x∈ Rn+1 | |x| = 1

}
, by

gN =

(∫
Sn

(
2

|x−y|2

)δ (Γ )

dµ0(y)

)2/δ (Γ )

g0, x∈ Ω(Γ ),

whereδ (Γ ) denotes the critical exponent ofΓ andµ0 is a Patterson-Sullivan measure based
at 0∈ Bn+1. Here a Patterson-Sullivan measure is aδ (Γ )-dimensionalΓ -invariant confor-
mal measure onSn having its support on the limit setΛ(Γ ) of Γ . Note thatδ (Γ ) measures
the size of the action ofΓ .

A Kleinian groupΓ is said to beconvex cocompactif the convex core Hull(Γ )/Γ is
compact, where Hull(Γ ) denotes the hyperbolic convex hull ofΛ(Γ ) in Bn+1. Note that
a convex cocompactΓ is characterized as a geometrically finite group without parabolic
elements. It is also known that ifΓ is non-elementary and convex cocompact, there exists
a unique Patterson-Sullivan measure, which coincides with, up to a constant multiple, the
δ (Γ )-dimensional Hausdorff measure on the limit set ofΓ . In general, the uniqueness of the
Patterson-Sullivan measure holds for a large class of Kleinian groups, which in particular
contains those of divergence type (see Theorem 2.4).

Since the metricgN is Γ -invariant, it projects to a metric on the Kleinian manifoldΩ/Γ ,
denoted by the same symbolgN, which is compatible withC0. The metricgN is called the
Nayatani metric.

There are remarkable relations between curvatures of the Nayatani metric and the critical
exponentδ (Γ ) of Γ . For instance, the scalar curvature is positive (resp. zero, negative) if
and only ifδ (Γ ) < (resp.=,>) (n−2)/2 for n≥ 3 (see [4, Theorem 3.3]). These relations
enable us to study Kleinian groups by means of Riemannian geometry of Kleinian manifolds
and vice versa.

On the other hand, the Nayatani metric has large symmetry in the following sense:

Theorem 1.1 (Nayatani [4]) Let Ω/Γ be a Kleinian manifold of dimension n≥ 3 with
δ (Γ ) > 0 and gN a Nayatani metric onΩ/Γ . Suppose that

(a) Γ has a unique Patterson-Sullivan measure, and
(b) gN is a complete metric onΩ/Γ .

Then the isometry group of(Ω/Γ ,gN) coincides with the conformal transformation group
of (Ω/Γ ,C0).

If Γ is geometrically finite, it satisfies condition (a) in Theorem 1.1, since a geometri-
cally finite Kleinian group is of divergence type. However, condition (b) does not hold in
general even for a geometrically finite Kleinian group (see [3]). In [10], the second author
showed that, ifΓ is geometrically finite,gN has large symmetry even whengN is not com-
plete. In this paper, we show that assumption (b) in Theorem 1.1 can be dropped altogether,
that is,

Theorem 3.5 Let Ω/Γ be a Kleinian manifold of dimension n≥ 3 with δ (Γ ) > 0 and gN

a Nayatani metric onΩ/Γ . Suppose thatΓ has a unique Patterson-Sullivan measure up
to a constant multiple. Then the isometry group of(Ω/Γ ,gN) coincides with the conformal
transformation group of(Ω/Γ ,C0).
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2 Preliminaries

In this section, we briefly review several definitions and basic facts on Kleinian groups,
Patterson-Sullivan measures and Nayatani metrics. More details can be found in [4] and [6]
for example.

2.1 Kleinian groups

Let (Bn+1,h), n≥ 2, denote the Poincaré ball model of the hyperbolic(n+1)-space, where
Bn+1 =

{
x∈ Rn+1 | |x| < 1

}
and

h =
(

2
1−|x|2

)2 n+1

∑
i=1

(
dxi)2

.

Let also Isom(Bn+1,h) denote the group of all orientation-preserving isometries of(Bn+1,h).
As is well-known, the action of Isom(Bn+1,h) on Bn+1 extends to the boundarySn and
gives the conformal action onSn with the standard conformal structure. In this way, we
can identify Isom(Bn+1,h) with the group Conf(Sn) of all orientation-preserving conformal
transformations ofSn.

A Kleinian groupΓ is a discrete subgroup of Isom(Bn+1,h). Thelimit setΛ(Γ ) of Γ is
defined as the set of all accumulation points ofΓ -orbit of any point inBn+1. SinceΓ acts
properly discontinuous onBn+1, Λ(Γ ) is contained inSn. The complement of the limit set
is denoted byΩ(Γ ) and called thedomain of discontinuityof Γ . This is the largest open
subset ofSn on whichΓ acts properly discontinuously.

For a Kleinian groupΓ , the Poincaŕe series of dimensionswith the base pointz∈ Bn+1

and the orbit pointw∈ Bn+1 is defined by

PΓ (z,w,s) = ∑
γ∈Γ

e−sd(z,γw),

whered denotes the hyperbolic distance function onBn+1. Using the Poincaré series, the
critical exponentδ (Γ ) of Γ is defined by

δ (Γ ) = inf {s> 0 | PΓ (z,w,s) < ∞} , z,w∈ Bn+1.

It is easy to see thatδ (Γ ) is independent of the particular choice ofz,w∈ Bn+1. It is known
that 0≤ δ (Γ ) ≤ n, andδ (Γ ) > 0 if Γ is non-elementary, that is,Λ(Γ ) contains at least
three points.

We say thatΓ is of divergence typeif PΓ (z,w,δ (Γ )) = ∞ andof convergence typeif
PΓ (z,w,δ (Γ )) < ∞. It is known that ifΓ is geometrically finite, thenΓ is of divergence
type. HereΓ is said to begeometrically finiteif the ε-neighborhood of the convex core
Hull(Γ )/Γ has finite volume for everyε > 0, where Hull(Γ ) denotes the hyperbolic convex
hull of Λ(Γ ). In particular, ifΓ is cofinite (namely, the hyperbolic volume ofBn+1/Γ is
finite), thenδ (Γ ) = n andΓ is of divergence type. It is known that the hyperbolic manifold
Bn+1/Γ does not admit the Green function if and only ifδ (Γ ) = n andΓ is of divergence
type.
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2.2 Patterson-Sullivan measures

An s-dimensionalconformal measureon Sn is a family of positive finite Borel measures
{µz}z∈Bn+1 such thatµz = |h′z|sµ0, wherehz is an element of Conf(Sn) sendingz to 0∈ Bn+1

and|h′z| is the linear stretch factor ofhz with respect tog0. Here we identified Conf(Sn) with
Isom(Bn+1,h). Using the Poisson kernel

k(z,x) =
1−|z|2

|z−x|2
, z∈ Bn+1, x∈ Sn,

the linear stretch factor ofhz ∈ Conf(Sn) is represented as|h′z(x)| = k(z,x). For a Kleinian
groupΓ , ans-dimensional conformal measure{µz}z∈Bn+1 is said to beΓ -invariant ifγ∗µz =
µγ−1z for everyz∈ Bn+1 and for everyγ ∈ Γ , whereγ∗µz is the pull-back of the measureµz

by γ. A Γ -invariant conformal measure{µz}z∈Bn+1 of dimensionδ (Γ ) is called a Patterson-
Sullivan measure if eachµz has the support on the limit set, that is,

Definition 2.1 For a Kleinian groupΓ , a Patterson-Sullivan measure is a family of positive
finite Borel measures{µz}z∈Bn+1 onSn satisfying the following properties:

(a) µz = k(z, ·)δ (Γ )µ0 for everyz∈ Bn+1, wherek is the Poisson kernel andδ (Γ ) is the
critical exponent ofΓ .

(b) γ∗µz = µγ−1z for everyz∈ Bn+1 and everyγ ∈ Γ .
(c) Eachµz is supported on the limit setΛ(Γ ).

The Patterson-Sullivan measure was introduced by Patterson [5] whenΓ is Fuchsian,
that is, for a discrete subgroup of Isom(B2,h), and was generalized by Sullivan [8] to general
Kleinian groups.

Theorem 2.2 (Patterson, Sullivan) For any Kleinian groupΓ , there exists a Patterson-
Sullivan measure.

We now describe the construction of a Patterson-Sullivan measure by Patterson.
First, suppose thatΓ is of divergence type. We define Borel measures onBn+1 = Bn+1∪

Sn by

µz,w,s =
1

PΓ (w,w,s) ∑
γ∈Γ

e−sd(z,γw)Dγw,

wherez,w ∈ Bn+1,s > δ (Γ ), andDγw denotes the Dirac measure supported atγw. Then
{µz,w,s}z∈Bn+1 is Γ -invariant; forγ̃ ∈ Γ , we have

γ̃∗µz,w,s =
1

PΓ (w,w,s) ∑
γ∈Γ

e−sd(z,γw)γ̃∗Dγw

=
1

PΓ (w,w,s) ∑
γ∈Γ

e−sd(γ̃−1z,γ̃−1γw)Dγ̃−1γw

= µγ̃−1z,w,s.

We also have

lim
r→0

µz,w,s(B(x, r))
µ0,w,s(B(x, r))

= k(z,x)s, (2.1)
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wherex∈Λ(Γ ) andB(x, r) denotes the intersection ofBn+1 and the ball of Euclidean radius
r > 0 centered atx. To see this, we recall that

sinh2 (d(z,w)/2) =
|z−w|2

(1−|z|2)(1−|w|2)
, z,w∈ Bn+1. (2.2)

It follows from (2.2) that

sinh2 (d(z,w)/2)
sinh2 (d(0,w)/2)

=
|z−w|2

(1−|z|2)|w|2
. (2.3)

If w approaches tox ∈ Sn, the right hand side of (2.3) tends tok(z,x)−1 and the left hand
side is asymptotic to ed(z,w)/ed(0,w). With the aid of the equation

µz,w,s(B(x, r)) =
1

PΓ (w,w,s) ∑
γ∈Γ :γw∈B(x,r)

e−sd(z,γw)

e−sd(0,γw) e−sd(0,γw)Dγw(B(x, r)),

we obtain (2.1).
We now let{si}∞

i=1 be a sequence of real numbers satisfyingsi > δ (Γ ) andsi → δ (Γ ).
By Helly’s theorem, renumbering a subsequence if necessary, we see that{µz,w,si}

∞
i=1 has

a weak limit, denoted byµz,w, which forms aΓ -invariant conformal measure{µz,w}z∈Bn+1

of dimensionδ (Γ ). The conformality is seen from (2.1). SinceΓ is of divergence type,
eachµz,w has the support onΛ(Γ ). In this way, we obtain a Patterson-Sullivan measure
{µz,w}z∈Bn+1.

In the case thatΓ is of convergence type, we need a certain modification of the Poincaré
series. See [6].

Lemma 2.3 LetΓ be a Kleinian group with the critical exponentδ (Γ ). Then there exists a
continuous and non-decreasing function f: R≥0 −→ R>0 that has the following properties:

(a) For any z,w∈ Bn+1,

∑
γ∈Γ

e−sd(z,γw) f
(

ed(z,γw)
){

= ∞, s≤ δ (Γ )
< ∞, s> δ (Γ ).

(b) For anyε > 0, there exists r0 such that, if r≥ r0 and t> 1, then f(tr) ≤ tε f (r).

We call a functionf : R≥0 → R>0 as in Lemma 2.3 aPatterson function. Let Γ be a
Kleinian group of convergence type with the critical exponentδ (Γ ). Fix a Patterson function
f : R≥0 → R>0. We define themodified Poincaŕe seriesof dimensions by

P̃Γ (z,w,s) = ∑
γ∈Γ

e−sd(z,γw) f
(

ed(z,γw)
)

, z,w∈ Bn+1.

Fix w∈ Bn+1 and consider Borel measures{µz,w,s}z∈Bn+1 onBn+1 defined by

µz,w,s =
1

P̃Γ (w,w,s) ∑
γ∈Γ

e−sd(z,γw) f
(

ed(z,γw)
)

Dγw,

wheres> δ (Γ ) andDγw is the Dirac measure supported atγw. By an argument similar to
the case whenΓ is of divergence type, we can obtain a Patterson-Sullivan measureµz,w as a
weak limit of{µz,w,si}

∞
i=1 for some sequence{si} with si ↓ δ (Γ ).

Concerning the uniqueness of the Patterson-Sullivan measure, it is known that
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Theorem 2.4 Let Γ be a Kleinian group of divergence type with the critical exponent
δ (Γ ) > 0. ThenΓ has a unique Patterson-Sullivan measure up to a constant multiple.

Remark 2.5There exists a Kleinian group of convergence type that has a unique Patterson-
Sullivan measure up to a constant multiple. This can be found in [1] and [9].

2.3 Nayatani metrics

Let Γ be a Kleinian group with the domain of discontinuityΩ(Γ ) 6= /0 and the critical
exponentδ (Γ ) > 0. Let {µz}z∈Bn+1 be a Patterson-Sullivan measure forΓ . Nayatani [4]
constructed a conformally flat metric onΩ(Γ ) by deforming the standard sphere metricg0:

gN =

(∫
Λ(Γ )

(
2

|x−y|2

)δ (Γ )

dµ0(y)

)2/δ (Γ )

g0, x∈ Ω(Γ ).

We callgN a Nayatani metricfor Γ . By using the hyperbolic metrich, gN is naturally ex-
tended to a Riemannian metric onBn+1 as follows:

gN =

(∫
Λ(Γ )

(
1−|z|2

|z−y|2

)δ (Γ )

dµ0(y)

)2/δ (Γ )

h

= µz(Λ(Γ ))2/δ (Γ )h, z∈ Bn+1. (2.4)

Remark 2.6If we identify Bn+1 with a hemisphere inSn+1 and extend the action ofΓ to
Sn+1 naturally, the extension of the Nayatani metric toBn+1 is nothing but the restriction of
that onΩ n+1(Γ ), whereΩ n+1(Γ ) denotes the domain of discontinuity ofΓ onSn+1.

It is easy to see that a Nayatani metric isΓ -invariant onΩ(Γ )∪Bn+1. Hence ifΓ acts
freely and properly discontinuously onΩ(Γ )∪Bn+1, gN projects to a metric, denoted by the
same symbolgN, on the quotient manifold[Ω(Γ )∪Bn+1]/Γ . If Γ has the quotientBn+1/Γ
of finite volume in the hyperbolic sense, thenΩ(Γ ) = /0 andgN is nothing but the hyperbolic
metric onBn+1 up to a constant multiple.

3 Proof of Theorem 3.5

Let Γ be a Kleinian group acting onSn, n ≥ 3, with Ω(Γ ) 6= /0. We suppose thatΩ is a
Γ -invariant subdomain ofΩ(Γ ) on whichΓ acts freely and properly discontinuously. Let
C0 denote the standard flat conformal structure on the quotient manifoldΩ/Γ . First we
recall a result of Nayatani [4] on the conformal transformation group Conf(Ω/Γ ,C0) of
(Ω/Γ ,C0). Let N(Γ ) denote the normalizer ofΓ in Conf(Sn). Define a homomorphism
F : N(Γ )∩Conf(Ω) −→ Conf(Ω/Γ ,C0) as follows:

F(α)(Γ x) = Γ αx, α ∈ N(Γ )∩Conf(Ω),

wherex∈ Ω andΓ x is regarded as a point ofΩ/Γ . Then we have thatF is surjective and
the kernel ofF coincides withΓ . Namely, we have

Proposition 3.1 LetΓ ,Ω ,C0 and N(Γ ) be as above. Then[N(Γ )∩Conf(Ω)]/Γ is isomor-
phic to the conformal transformation groupConf(Ω/Γ ,C0).
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Next we consider the pull-back of a Patterson-Sullivan measure forΓ by an element of
the normalizerN(Γ ).

Lemma 3.2 LetΓ be a Kleinian group and{µz}z∈Bn+1 a Patterson-Sullivan measure forΓ .
Then, forα ∈ N(Γ ), {α∗µαz}z∈Bn+1 is also a Patterson-Sullivan measure forΓ .

Proof We recall that

k(ηw,ηy) = k(η−10,y)−1k(w,y), η ∈ Conf(Sn). (3.1)

Using (3.1), we compute

α∗µαz = k(αz,α·)δ (Γ )α∗µ0

=
(
k(α−10, ·)−1k(z, ·)

)δ (Γ )
k(α0,α·)−δ (Γ )α∗µα0

=
(
k(α−10, ·)−1k(z, ·)

)δ (Γ ) (
k(α−10, ·)−1k(0, ·)

)−δ (Γ ) α∗µα0

= k(z, ·)δ (Γ )α∗µα0.

This shows that{α∗µαz}z∈Bn+1 is a δ (Γ )-dimensional conformal measure. Letγ ∈ Γ and
setγ̃ = αγα−1 ∈ Γ . Then we have

γ∗α∗µαz = α∗γ̃∗µαz = α∗µγ̃−1αz = α∗µαγ−1z.

This proves theΓ -invariance of{α∗µαz}z∈Bn+1. Sinceα ∈ N(Γ ) leavesΛ(Γ ) invariant,
{α∗µαz}z∈Bn+1 is a Patterson-Sullivan measure. ut

Lemma 3.3 (Nayatani [4]) Let Γ be a Kleinian group withδ (Γ ) > 0, and gN a Nayatani
metric onΩ(Γ )∪Bn+1. Suppose thatΓ has a unique Patterson-Sullivan measure{µz}z∈Bn+1

up to a constant multiple. Thenα ∈ N(Γ ) is a homothety with respect to gN, that is,

α∗gN = cgN

for some constant c> 0.

Proof By Remark 2.6, we may assume thatgN is a metric onBn+1. By Lemma 3.2 and
the uniqueness of the Patterson-Sullivan measure, there exists a constant ˜c > 0 such that
α∗µαz = c̃µz for anyz∈ Bn+1. It follows from (2.4) and theN(Γ )-invariance ofΛ(Γ ) that

(α∗gN)z = µαz(Λ(Γ ))2/δ (Γ )(α∗h)z = [α∗µαz(Λ(Γ ))]2/δ (Γ )hz = c̃2/δ (Γ )(gN)z.

Puttingc = c̃2/δ (Γ ) completes the proof. ut

The following theorem is the key to our proof, which asserts thatα as in Lemma 3.3 is
actually an isometry.

Theorem 3.4 Let Γ be a Kleinian group withδ (Γ ) > 0. Suppose thatΓ has a unique
Patterson-Sullivan measure{µz}z∈Bn+1 up to a constant multiple. Then{µz}z∈Bn+1 is N(Γ )-
invariant, that is,

α∗µz = µα−1z (3.2)

for α ∈ N(Γ ) and z∈ Bn+1.
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Proof It follows from Lemma 3.2 and the uniqueness of the Patterson-Sullivan measure that
α∗µz = cµα−1z for some constantc > 0. We now suppose thatΓ is of divergence type. It is
easy to see that the Poincaré series of dimensions> δ (Γ ) has the following properties:

(a) PΓ (z,w,s) = PΓ (w,z,s), and
(b) PΓ (αz,αw,s) = PΓ (z,w,s)

for anyz,w∈ Bn+1 and anyα ∈ N(Γ ). Defineϕµ(z) = µz(Sn) for z∈ Bn+1. We then have

ϕµ(z)
ϕµ(z′)

= lim
s→δ (Γ )

PΓ (z,w,s)
PΓ (z′,w,s)

(3.3)

for z,z′,w ∈ Bn+1. Indeed, by the uniqueness of the Patterson-Sullivan measure,µz is ob-
tained as the weak limit of Borel measures

C
PΓ (w,w,si)

∑
γ∈Γ

e−sid(z,γw)Dγw,

for some constantC > 0 independent ofz and for any sequencesi ↓ δ (Γ ). Hence

ϕµ(z) = C lim
s→δ (Γ )

PΓ (z,w,s)
PΓ (w,w,s)

,

which implies (3.3). In particular, we have

c =
α∗µz(Sn)
µα−1z(Sn)

=
µz(Sn)

µα−1z(Sn)
=

ϕµ(z)
ϕµ(α−1z)

(3.4)

for anyz∈ Bn+1. Similarly, sinceα∗µαz = cµz, we also have

ϕµ(z)
ϕµ(αz)

= c−1, z∈ Bn+1. (3.5)

Takez= w. Then it follows from (a), (b), (3.3), (3.4), and (3.5) that

c = lim
s→δ (Γ )

PΓ (w,w,s)
PΓ (α−1w,w,s)

= lim
s→δ (Γ )

PΓ (w,w,s)
PΓ (w,αw,s)

= lim
s→δ (Γ )

PΓ (w,w,s)
PΓ (αw,w,s)

= c−1.

Thereforec must be 1, which implies that (3.2) holds ifΓ is of divergence type.
In the case whenΓ is of convergence type, properties (a), (b) and (3.3) are satisfied by

the modified Poincaré seriesP̃Γ . Hence (3.2) follows from the same argument as in the case
of divergence type. ut

As a direct consequence of Theorem 3.4, we have

Theorem 3.5 Let Ω/Γ be a Kleinian manifold of dimension n≥ 3 with δ (Γ ) > 0 and gN

a Nayatani metric onΩ/Γ . Suppose thatΓ has the unique Patterson-Sullivan measure up
to a constant multiple. Then the isometry group of(Ω/Γ ,gN) coincides with the conformal
transformation group of(Ω/Γ ,C0).

Remark 3.6Theorem 3.4 can be also applied to a problem in Kleinian group theory, which
asks for us conditions for Kleinian groups to have no proper conjugation. Here we say that
a Kleinian groupG has proper conjugation if there existsα ∈ Isom(Bn+1,h) such that the
conjugateαGα−1 is a proper subgroup ofG. Using Theorem 3.4, we can show that Kleinian
groups of divergence type have no proper conjugation (see [2]).
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