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EGE FUJIKAWA AND KATSUHIKO MATSUZAKI

Abstract. The stable quasiconformal mapping class group is a group of
quasiconformal mapping classes of a Riemann surface that are homotopic
to the identity outside some topologically finite subsurface. Its analytic
counterpart is a group of mapping classes that act on the asymptotic Teich-
müller space trivially. We prove that the stable quasiconformal mapping
class group is coincident with the asymptotically trivial mapping class group
for every Riemann surface satisfying a certain geometric condition. Con-
sequently, the intermediate Teichmüller space, which is the quotient space
of the Teichmüller space by the asymptotically trivial mapping class group,
has a complex manifold structure, and its automorphism group is geometri-
cally isomorphic to the asymptotic Teichmüller modular group. The proof
utilizes a condition for an asymptotic Teichmüller modular transformation
to be of finite order, and this is given by the consideration of hyperbolic
geometry of topologically infinite surfaces and its deformation under quasi-
conformal homeomorphisms. Also these arguments enable us to show that
every asymptotic Teichmüller modular transformation of finite order has a
fixed point on the asymptotic Teichmüller space, which can be regarded as
an asymptotic version of the Nielsen theorem.
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1. Introduction

The stable mapping class group is regarded as a mapping class group of infi-
nite genus and its algebraic and topological structures have been investigated
by many authors (see e.g. [31], [33]). This is defined as the limit of an inductive
system {Gg,1, θhg}, where Gg,1 is the mapping class group of a compact surface
Σg,1 of genes g ≥ 1 with one boundary component and θhg : Gg,1 → Gh,1 is
an injective homomorphism induced by an inclusion map ιhg : Σg,1 → Σh,1 for
any g ≤ h. We denote this inductive limit lim−→Gg,1 by G∞.

The stable mapping class group G∞ can be realized as a group of the map-
ping classes of a surface Σ∞ of infinite genus. In this realization, each mapping
class has a representative that is the identity outside some compact subsurface
of Σ∞. On the other hand, in complex analytic theories of Teichmüller spaces,
it is natural to deal with Riemann surfaces of topologically infinite type includ-
ing those of infinite genus, and accordingly, the concept of the quasiconformal
mapping class group MCG(R) comes up for an arbitrary Riemann surface R,
which is a group of the mapping classes that has a representative of a quasi-
conformal automorphism of R. Then we can define the stable quasiconformal
mapping class group G∞(R) for R as a subgroup of MCG(R) whose element
has a representative that is the identity outside some topologically finite sub-
surface. We call such a mapping class essentially trivial. Since MCG(R) acts
on the Teichmüller space T (R) biholomorphically and isometrically, the stable
quasiconformal mapping class group G∞(R) acquires the space where it should
act naturally.

The moduli space Mg of the Riemann surfaces of genus g is the quotient
space of the Teichmüller space Tg by the mapping class group Gg. For an
arbitrary Riemann surfaces R not necessarily topologically finite, the moduli
space M(R) may be also defined as the quotient space T (R)/MCG(R) but
this does not have a nice structure as a topological space in general ([26]).

Instead, we introduce the enlarged moduli space M̃(R), which is the quotient
space T (R)/G∞(R) by the stable quasiconformal mapping class group with

the projection M̃(R) → M(R) onto the moduli space. We have seen in [14]
that the action of G∞(R) on T (R) is properly discontinuous and free for any
topologically infinite Riemann surface R satisfying a certain boundedness con-
dition on hyperbolic geometry and hence the complex structure is induced to

M̃(R) from T (R).
The analytic counterpart of the stable quasiconformal mapping class group is

defined by using a representation of the quasiconformal mapping class group
MCG(R) in the automorphism group of the asymptotic Teichmüller space
AT (R). The asymptotic Teichmüller space AT (R) is the space of all asymp-
totic equivalence classes of quasiconformal homeomorphisms of R, and this
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equivalence, which is weaker than Teichmüller equivalence, is defined by us-
ing asymptotically conformal homeomorphisms instead of conformal ones ([7],
[8]). There is the quotient map π : T (R) → AT (R) that is holomorphic with
respect to the corresponding complex structures on both spaces. Since each
quasiconformal mapping class of R acts on T (R) in such a way that the fibers
of π are preserved, it induces a biholomorphic automorphism of AT (R). Thus
we have a representation ιAT : MCG(R) → Aut(AT (R)). This is not injective
in almost all cases and there is no reason for its being surjective. We define the
asymptotic Teichmüller modular group ModAT (R) as the image of ιAT . We
also consider the kernel Ker ιAT of the representation ιAT , which is defined as
the asymptotically trivial mapping class group. We call an element of Ker ιA
asymptotically trivial.

We introduce the intermediate Teichmüller space between T (R) and M(R),
which is the quotient space IT (R) = T (R)/Ker ιAT . Then IT (R) is the small-
est quotient space of T (R) by a subgroup of MCG(R) such that the projection
π : T (R) → AT (R) is factored by the quotient map. In particular, the inter-
mediate Teichmüller space IT (R) also lies between T (R) and AT (R). If R is
analytically finite, then IT (R) is coincident with the moduli space M(R). If
R is the unit disk D, then IT (D) is coincident with the universal Teichmüller
space T (D).

In the complex analytic theory of Teichmüller space, it had been a central
problem to determine the group Aut(T (R)) of all biholomorphic automor-
phisms of T (R). Recently, this problem has been completely solved ([20]), and
now we know that, except for few cases of lower dimensions, Aut(T (R)) is
coincident with the Teichmüller modular group Mod(R), which is the group of
all automorphisms that are induced by quasiconformal automorphisms of R.
This means that the representation of the quasiconformal mapping class group
ιT : MCG(R) → Aut(T (R)) is bijective. However, as is mentioned above, this
is not true for the representation in Aut(AT (R)). The corresponding problem
for this case will be characterizing ModAT (R) and Ker ιAT instead of the whole
Aut(AT (R)).

In this paper, we give an answer to this problem under an assumption that
R satisfies a certain boundedness condition on hyperbolic geometry. This
condition is geometrically natural. For example, every non-universal normal
cover of a compact Riemann surface satisfies this boundedness condition. We
will prove that every asymptotically trivial mapping class belongs to the sta-
ble quasiconformal mapping class group, that is, Ker ιAT ⊂ G∞(R). In fact,
since the converse inclusion is obvious, we have G∞(R) = Ker ιAT (Theorem
2.5). This means that asymptotic triviality, an analytic property of modular
transformations, can be characterized by a topological property of the corre-
sponding mapping classes. Consequently, the intermediate Teichmüller space
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IT (R) is coincident with the enlarged moduli space M̃(R) and it is endowed
with the complex structure. Hence, we obtain that the group Aut(IT (R))
of all biholomorphic automorphisms of IT (R) is geometrically isomorphic to
ModAT (R).

One of the ingredients of the proof of the theorem G∞(R) = Ker ιAT is
to give a sufficient condition for an elliptic element of ModAT (R) to be of
finite order. We say that an element of ModAT (R) is elliptic if it has a fixed
point on AT (R). This definition is made after the ellipticity of an element of
Mod(R), meaning that it has a fixed point on T (R). Every elliptic element
of ModAT (R) is realized as an asymptotically conformal automorphism of the
Riemann surface corresponding to its fixed point. We prove that, under the
boundedness assumption on R, if an elliptic element of ModAT (R) is induced
by an asymptotically conformal automorphism that fixes the free homotopy
classes of infinitely many simple closed geodesics satisfying certain properties,
then it is of finite order (Theorem 2.9).

On the other hand, every element of Mod(R) of finite order is elliptic even for
an analytically infinite Riemann surface R. When R is analytically finite, this
follows from the classical result of Nielsen. As a consequence of our theorem
G∞(R) = Ker ιAT , we prove the corresponding result for the asymptotic Teich-
müller space, which asserts that every element of ModAT (R) of finite order is
elliptic under the boundedness assumption on R (Theorem 2.8). Then we will
come to know a necessary and sufficient condition for an element of ModAT (R)
to be of finite order. This is a consequence from our main results, which will
be shown as the final theorem of this paper.

The organization of this paper is as follows. In Section 2, we review defini-
tions concerning Teichmüller spaces and then precisely state our results (The-
orems 2.5, 2.8 and 2.9) mentioned in the previous three paragraphs. In Section
3, we demonstrate a major application of our main theorem. We introduce the
enlarged moduli space with the complex structure, and then determine the
biholomorphic automorphism group of the intermediate Teichmüller space.

We devote the succeeding two sections to presenting our tools for the argu-
ments on hyperbolic geometry. In Section 4, we define a frame of geodesics
on a hyperbolic surface, observe the change of their hyperbolic lengths under
asymptotically conformal deformation, and choose appropriate frames moved
by the action of a non-trivial mapping class. In Section 5, we construct hy-
perbolic right-angled hexagons from those frames and give an estimate of the
variation of the moduli of such hexagons under their non-trivial movement.
After these preparations, in Section 6, we prove Theorem 6.1 (; Theorem 2.9)
concerning a sufficient condition under which some power of a quasiconformal
mapping class is essentially trivial.
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We will give a proof of Theorem 2.5 as an application of Theorem 2.9.
The next two sections make crucial steps towards it. In Section 7, we prove
that, if a mapping class moves a sequence of mutually disjoint simple closed
geodesics of uniformly bounded lengths in a certain manner, then it is not
asymptotically trivial. In Section 8, we give a midway result which states
that, if some power of an asymptotically trivial mapping class is essentially
trivial, then so is itself. Summing up all these results, we complete the proof
of Theorem 9.1 (; Theorem 2.5) in Section 9 with the aid of Theorem 6.1. Also,
as an application, we prove the Nielsen theorem on the asymptotic Teichmüller
space (Theorem 2.8) as well as the characterization of asymptotic Teichmüller
modular transformations of finite order in Theorem 9.3.

Acknowledgments. The authors would like to express their gratitude to
Professor Masahiko Taniguchi for bringing an idea of results in Section 3 to
their attention.

2. Preliminaries and statement of results

Throughout this paper, we assume that a Riemann surface R admits a hyper-
bolic structure. The Teichmüller space T (R) of R is the set of all equivalence
classes [f ] of quasiconformal homeomorphisms f of R. Here we say that two
quasiconformal homeomorphisms f1 and f2 of R are equivalent if there exists
a conformal homeomorphism h : f1(R) → f2(R) such that f−1

2 ◦ h ◦ f1 is ho-
motopic to the identity on R. Here the homotopy is considered to be relative
to the ideal boundary at infinity. A distance between two points [f1] and [f2]
in T (R) is defined by dT ([f1], [f2]) = (1/2) log K(f), where f is an extremal
quasiconformal homeomorphism in the sense that its maximal dilatation K(f)
is minimal in the homotopy class of f2◦f−1

1 . Then dT is a complete distance on
T (R) which is called the Teichmüller distance. The Teichmüller space T (R)
can be embedded in the complex Banach space of all bounded holomorphic
quadratic differentials on R′, where R′ is the complex conjugate of R. In
this way, T (R) is endowed with the complex structure. It is known that the
Teichmüller distance is coincident with the Kobayashi distance on T (R). For
details, see [16], [19] and [27].

A quasiconformal mapping class is the homotopy equivalence class [g] of
quasiconformal automorphisms g of a Riemann surface R, and the quasicon-
formal mapping class group MCG(R) of R is the group of all quasiconformal
mapping classes of R. Here the homotopy is again considered to be relative to
the ideal boundary at infinity. Every element [g] ∈ MCG(R) induces a biholo-
morphic automorphism [g]∗ of T (R) by [f ] 7→ [f ◦ g−1], which is also isometric
with respect to the Teichmüller distance. Let Aut(T (R)) denote the group of
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all biholomorphic automorphisms of T (R). Then we have a homomorphism

ιT : MCG(R) → Aut(T (R))

given by [g] 7→ [g]∗, and we define the Teichmüller modular group for R by

Mod(R) = ιT (MCG(R)).

We call an element of Mod(R) a Teichmüller modular transformation. It is
proved in [6] that the homomorphism ιT is injective (faithful) for all Riemann
surfaces R of non-exceptional type. See also [10] and [22] for other proofs.
Here we say that a Riemann surface R is of exceptional type if R has finite
hyperbolic area and satisfies 2g +n ≤ 4, where g is the genus of R and n is the
number of punctures of R. It was a problem to determine the homomorphism
ιT is also surjective, especially for an analytically infinite Riemann surface.
By a combination of the results of [5] and [20], this problem has been solved
affirmatively, namely, Mod(R) = Aut(T (R)). See [13] for a survey of the proof.

The asymptotic Teichmüller space has been introduced in [18] for the hyper-
bolic plane and in [7] and [8] for an arbitrary Riemann surface. We say that a
quasiconformal homeomorphism f of R is asymptotically conformal if, for every
ε > 0, there exists a compact subset V of R such that the maximal dilatation
K(f |R−V ) of the restriction of f to R − V is less than 1 + ε. We say that two
quasiconformal homeomorphisms f1 and f2 of R are asymptotically equivalent
if there exists an asymptotically conformal homeomorphism h : f1(R) → f2(R)
such that f−1

2 ◦ h ◦ f1 is homotopic to the identity on R relative to the ideal
boundary at infinity. The asymptotic Teichmüller space AT (R) of R is the set
of all asymptotic equivalence classes [[f ]] of quasiconformal homeomorphisms
f of R. The asymptotic Teichmüller space AT (R) is of interest only when R
is analytically infinite. Otherwise AT (R) is trivial, that is, it consists of just
one point. Conversely, if R is analytically infinite, then AT (R) is not triv-
ial. Since a conformal homeomorphism is asymptotically conformal, there is a
projection π : T (R) → AT (R) that maps each Teichmüller equivalence class
[f ] ∈ T (R) to the asymptotic Teichmüller equivalence class [[f ]] ∈ AT (R).
The asymptotic Teichmüller space AT (R) has a complex structure such that
π is holomorphic. See also [9] and [17].

For a quasiconformal homeomorphism f of R, the boundary dilatation of f is
defined by H∗(f) = inf K(f |R−V ), where the infimum is taken over all compact
subsets V of R. Furthermore, for a Teichmüller equivalence class [f ] ∈ T (R),
the boundary dilatation of [f ] is defined by H([f ]) = inf H∗(f ′), where the in-
fimum is taken over all elements f ′ ∈ [f ]. A distance between two points [[f1]]
and [[f2]] in AT (R) is defined by dAT ([[f1]], [[f2]]) = (1/2) log H([f2 ◦ f−1

1 ]),
where [f2 ◦ f−1

1 ] is the Teichmüller equivalence class of f2 ◦ f−1
1 in T (f1(R)).

Then dAT is a complete distance on AT (R), which is called the asymptotic
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Teichmüller distance. For every point [[f ]] ∈ AT (R), there exists an asymp-
totically extremal element f0 ∈ [[f ]] satisfying H([f ]) = H∗(f0). It is different
from the case of Teichmüller space that we do not know yet whether the as-
ymptotic Teichmüller distance is coincident with the Kobayashi distance on
AT (R) or not.

Every element [g] ∈ MCG(R) induces a biholomorphic automorphism [g]∗∗
of AT (R) by [[f ]] 7→ [[f ◦ g−1]], which is also isometric with respect to dAT .
See [8]. Let Aut(AT (R)) be the group of all biholomorphic automorphisms of
AT (R). Then we have a homomorphism

ιAT : MCG(R) → Aut(AT (R))

given by [g] 7→ [g]∗∗, and we define the asymptotic Teichmüller modular group
for R (the geometric automorphism group of AT (R)) by

ModAT (R) = ιAT (MCG(R)).

We call an element of ModAT (R) an asymptotic Teichmüller modular trans-
formation. It is different from the case of the representation ιT : MCG(R) →
Aut(T (R)) that the homomorphism ιAT is not injective, namely, Ker ιAT 6=
{[id]} unless R is either the unit disc or the once-punctured disc ([6]). We call
an element of Ker ιAT asymptotically trivial and call Ker ιAT the asymptotically
trivial mapping class group.

In this paper, we completely characterize Ker ιAT topologically. To state
our theorem, we define the following subgroup of the quasiconformal mapping
class group MCG(R).

Definition 2.1. The stable quasiconformal mapping class group G∞(R) is a
subgroup of MCG(R) consisting of all essentially trivial mapping classes [g] of
a Riemann surface R. Here a quasiconformal mapping class [g] ∈ MCG(R)
is said to be essentially trivial (or trivial near the infinity) if there exists a
topologically finite subsurface Vg of R such that, for each connected component
W of R − Vg, the restriction g|W : W → R is homotopic to the inclusion map
id|W : W ↪→ R relative to the ideal boundary at infinity.

Note that G∞(R) is a countable group whereas MCG(R) is not a countable
group in most cases when R is topologically infinite. Also G∞(R) is a normal
subgroup of MCG(R).

For a topologically infinite Riemann surface R, a regular exhaustion {Rn}∞n=1

of R is an increasing sequence of compact subsurfaces Rn satisfying that
R =

⋃∞
n=1 Rn and each connected component of the complement of Rn is

not relatively compact. See [1, Chapter II, 12D] for the existence of regular
exhaustion.

Let {W (i)
n }N(n)

i=1 be the set of all connected components of the complement
of Rn. A determining sequence for a regular exhaustion {Rn}∞n=1 is a sequence
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{W (in)
n }∞n=1 such that W

(in)
n ⊃ W

(in+1)
n+1 for all n. Another regular exhaustion

{R′
n}∞n=1 can give another determining sequence {W ′(jn)

n }∞n=1. We say that two

determining sequences {W (in)
n }∞n=1 and {W ′(jn)

n }∞n=1 are equivalent if, for every

n, there exists an m such that W
(in)
n ⊃ W ′(jm)

m , and vice versa.
A topological end of a Riemann surface R is an equivalence class of determin-

ing sequences, and the end compactification R∗ of R is the union of R and the
set of all topological ends endowed with canonical topology. For details, see
[29, Chapter IV, 5D]. The cardinality of the topological ends is a topological
invariant of a Riemann surface. In particular, there are infinitely many Rie-
mann surfaces that are not mutually homeomorphic. Every (homeomorphic)
automorphism of R extends to an automorphism of R∗ by the correspondence
of determining sequences. The extension of an automorphism to the boundary
R∗ − R is determined by the mapping class of the automorphism. Hence the
mapping class group of R acts on R∗ − R.

The pure mapping class group P (R) is a subgroup of MCG(R) consisting
of all quasiconformal mapping classes [g] such that g fixes all non-cuspidal
topological ends of R, where we say that a topological end is non-cuspidal if
it does not correspond to a puncture. It is clear that G∞(R) is contained in
P (R). The following result says that Ker ιAT sits between these topologically
characterized subgroups.

Proposition 2.2 ([14]). The inclusion relation G∞(R) ⊂ Ker ιAT ⊂ P (R)
holds for an arbitrary Riemann surface R.

Each inclusion in Proposition 2.2 is not necessarily equality. See [14, Re-
mark 4.1] for the difference. However, under a certain condition on hyperbolic
geometry of Riemann surfaces, we will give a complete characterization of
Ker ιAT .

For a Riemann surface R, let Ṙ be the non-cuspidal part of R obtained by
removing all horocyclic cusp neighborhoods whose hyperbolic areas are 1.

Definition 2.3. We say that a Riemann surface R satisfies the bounded ge-
ometry condition if R satisfies the following two conditions:

(i) lower bound condition: there exists a constant m > 0 such that, for
every point x ∈ Ṙ, every homotopically non-trivial closed curve that
starts from x and terminates at x has hyperbolic length greater than
or equal to m;

(ii) upper bound condition: there exists a constant M > 0 such that, for ev-
ery point x ∈ R, there exists a homotopically non-trivial simple closed
curve that starts from x and terminates at x and whose hyperbolic
length is less than or equal to M .
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If R satisfies the lower bound condition for a constant m and the upper bound
condition for a constant M , we say that R satisfies (m, M)-bounded geometry
condition.

Remark 2.4. The upper bound condition defined above is stronger than the
one we have used in our previous papers, say, [11], [12], [14] and [15]. Note
that, if R satisfies the present upper bound condition, then R has no ideal
boundary at infinity. We believe that the statements of this paper are valid
even for the previous definition, but for the sake of arguments, we use the
stronger one.

Every normal cover of a compact Riemann surface that is not the universal
cover satisfies the bounded geometry condition. Moreover, if a Riemann surface
R admits such pants decomposition that the diameter of each pair of pants is
uniformly bounded, then R satisfies the bounded geometry condition.

The bounded geometry condition is preserved under quasiconformal homeo-
morphisms. Thus, this can be regarded as a condition for the Teichmüller
space. More precisely, if R satisfies (m,M)-bounded geometry condition, then
R′ = f(R) for a K-quasiconformal homeomorphism f of R satisfies (m′,M ′)-
bounded geometry condition for other constants m′ and M ′. Indeed, in the
homotopy class of f , we take an extremal quasiconformal homeomorphism f∗
and the quasiconformal diffeomorphism f# induced by the barycentric exten-
sion given in [4]. The maximal dilatation K(f∗) of f∗ is obviously not greater
than K and the biLipschitz constant L(f#) of f# with respect to the hyper-
bolic metric can be estimated from above in terms of K. Then R′ satisfies the
lower bound condition for m′ = m/K(f∗) and the upper bound condition for
M ′ = L(f#)M . See [15, Lemma 8].

Now we are ready to state our main theorem.

Theorem 2.5. Let R be a Riemann surface satisfying the bounded geometry
condition. Then

G∞(R) = Ker ιAT .

As is mentioned above, Theorem 2.5 is not true without the bounded geom-
etry condition.

Remark 2.6. If R satisfies the bounded geometry condition, then Ker ιAT is
a proper subgroup of MCG(R). Namely, the action of MCG(R) on AT (R) is
not trivial. See [12, Corollary 3.5]. However, there exists a Riemann surface
R that does not satisfy the bounded geometry condition and that G∞(R) =
Ker ιAT = MCG(R). See [24].

Next, we consider periodicity and a fixed point property of (asymptotic)
Teichmüller modular transformations.
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Definition 2.7. We say that a Teichmüller modular transformation in Mod(R)
is elliptic if it has a fixed point on T (R), and an asymptotic Teichmüller mod-
ular transformation in ModAT (R) is elliptic if it has a fixed point on AT (R).

Every elliptic element of Mod(R) is realized as a conformal automorphism of
the Riemann surface corresponding to its fixed point, and every elliptic element
of ModAT (R) is realized as an asymptotically conformal automorphism of the
Riemann surface corresponding to its fixed point. We say that [g] ∈ MCG(R)
is a conformal mapping class if [g]∗ is elliptic and an asymptotically conformal
mapping class if [g]∗∗ is elliptic. There is a Teichmüller modular transformation
[g]∗ such that [g]∗ is not elliptic but [g]∗∗ is elliptic and non-trivial ([28]). Also
there is an elliptic element [g]∗ and a point p ∈ T (R) such that p is not a fixed
point of [g]∗ but π(p) ∈ AT (R) is a fixed point of [g]∗∗ ([25]).

It is known that, for an analytically finite Riemann surface R, an element
of Mod(R) is elliptic if and only if it is of finite order (periodic). This is a
consequence of the theorem due to Nielsen. Even for an analytically infinite
Riemann surface R, every element of finite order of Mod(R) is elliptic. In fact,
it is proved in [21] that, if the orbit of a subgroup of Mod(R) is bounded, then
it has a common fixed point on T (R). We prove the corresponding result for
the asymptotic Teichmüller space AT (R).

Theorem 2.8. Let R be a Riemann surface satisfying the bounded geometry
condition. If [g]∗∗ ∈ ModAT (R) is of finite order, then it is elliptic.

On the other hand, elliptic elements are not necessarily of finite order. How-
ever, if [g]∗ ∈ Mod(R) is elliptic and if g(c) is freely homotopic to c for some
simple closed geodesic c on R, then [g]∗ is of finite order. This follows from the
fact that the group of conformal automorphisms of a Riemann surface R acts
on R properly discontinuously. We also prove the corresponding result for an
elliptic element of ModAT (R).

Theorem 2.9. Let R be a Riemann surface satisfying the bounded geometry
condition, and [g]∗∗ ∈ ModAT (R) an elliptic element. Suppose that, for some
constant ` > 0 and in any topologically infinite neighborhood of each topological
end of R, there exists a simple closed geodesic c with `(c) ≤ ` such that g(c) is
freely homotopic to c. Then [g]∗∗ is of finite order.

Finally, as a consequence of all Theorems 2.5, 2.8 and 2.9 above, we have
our final result Theorem 9.3, which gives a necessary and sufficient condition
for an asymptotic Teichmüller modular transformation to be of finite order.

We will prove Theorem 2.9 in Section 6 and Theorems 2.5 and 2.8 in Section
9. Actually we take a way to Theorem 2.5 via Theorem 2.9 in order to present
various methods of investigating these objects. This route makes us aware of
Theorem 2.8 and brings us to the final destination Theorem 9.3.
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In the next section, we first give an application of Theorem 2.5 to the argu-
ments on the enlarged moduli space and the asymptotic Teichmüller modular
group, which have been focused on in the introduction.

3. The intermediate Teichmüller space

For a Riemann surface R not necessarily topologically finite, the moduli
space M(R) may be defined as the quotient space of the Teichmüller space
T (R) by the quasiconformal mapping class group MCG(R) and we have the
projection ρ : T (R) → M(R). Here we regard MCG(R) as acting on T (R)
through the representation in Mod(R). However, the moduli space does not
have a nice structure as a topological space in general. In this section, we
define another moduli space and another Teichmüller space which are quotient
spaces by certain subgroups of MCG(R). By using our main theorem, we see
that these spaces coincide and have a complex structure under the assumption
that R satisfies the bounded geometry condition.

Definition 3.1. The enlarged moduli space of a Riemann surface R is defined
by

M̃(R) = T (R)/G∞(R),

which is the quotient space of the Teichmüller space T (R) by the stable qua-
siconformal mapping class group G∞(R).

The enlarged moduli space M̃(R) factorizes the projection ρ : T (R) →
M(R) into two projections τ : T (R) → M̃(R) and ρ1 : M̃(R) → M(R) so that
ρ = ρ1 ◦ τ .

We have another equivalent definition of the enlarged moduli space by using
a certain equivalence relation in the space of quasiconformal homeomorphisms
of R.

Definition 3.2. We say that two quasiconformal homeomorphisms f1 and
f2 of a Riemann surface R are weakly equivalent if there exist a conformal
homeomorphism h : f1(R) → f2(R) and a topologically finite subsurface Vh in
R such that, for each connected component W of R − Vh, the quasiconformal
homeomorphism f−1

2 ◦ h ◦ f1|W restricted to W is homotopic to the inclusion
map id|W : W ↪→ R relative to the ideal boundary at infinity.

It is obvious that, if two quasiconformal homeomorphisms are equivalent,
then they are weakly equivalent.

Proposition 3.3. The enlarged moduli space M̃(R) of a Riemann surface R
is coincident with the set of all weak equivalence classes (f) of quasiconformal
homeomorphisms f of R.
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Proof. For the projection τ : T (R) → M̃(R) and for any two points [f1] and [f2]
in T (R), τ([f1]) = τ([f2]) if and only if there exists an element [g] ∈ G∞(R)
such that [g]∗([f1]) = [f2]. This is equivalent to saying that there exists a
conformal homeomorphism h : f1(R) → f2(R) such that f−1

2 ◦ h ◦ f1 ◦ g−1 is
homotopic to the identity on R relative to the ideal boundary at infinity. In
other words, f−1

2 ◦h ◦ f1 is homotopic to g in this sense. Since [g] is essentially
trivial, there exists a topologically finite subsurface V of R such that, for each
connected component W of R− V , the restriction g|W : W → R is homotopic
to the inclusion map id|W : W ↪→ R. Thus f−1

2 ◦ h ◦ f1|W is homotopic to
id|W relative to the ideal boundary at infinity. This means that f1 and f2 are
weakly equivalent. The converse is also proved along the same lines. ¤

The Teichmüller space T (R) can be regarded as the space of all marked
Riemann surfaces that are obtained by quasiconformal deformation of R. In
this context, the moduli space M(R) is the space of all Riemann surfaces
quasiconformally equivalent to R and the quotient map ρ : T (R) → M(R)
is given by forgetting the marking. By Proposition 3.3, the projection τ :

T (R) → M̃(R) corresponds to forgetting the marking only on topologically
finite subsurfaces of Riemann surfaces.

The enlarged moduli space M̃(R) is endowed with a pseudo-distance induced
from the Teichmüller distance dT , which is defined by

d
fM(R)(τ(p), τ(q)) = inf{dT (p′, q′) | τ(p′) = τ(p), τ(q′) = τ(q)}

for p, q ∈ T (R). By Proposition 3.3, the pseudo-distance between two points

τ(p) = (f1) and τ(q) = (f2) in M̃(R) is also represented by

d
fM(R)((f1), (f2)) =

1

2
inf log K(f),

where the infimum is taken over all quasiconformal homeomorphisms f that
are homotopic to f2 ◦ f−1

1 outside of some topologically finite subsurface of
f1(R) relative to the ideal boundary at infinity.

We consider a complex structure of the enlarged moduli space. However, for
this purpose, we have to assume that Riemann surfaces satisfy the bounded
geometry condition.

Theorem 3.4. Let R be a topologically infinite Riemann surface satisfying the

bounded geometry condition. Then the enlarged moduli space M̃(R) has a com-
plex structure and the pseudo-distance d

fM(R) is coincident with the Kobayashi

distance on M̃(R).

To see Theorem 3.4, we observe the action of G∞(R) on T (R). We say that
a subgroup G ⊂ MCG(R) acts at a point p ∈ T (R) discontinuously if there
exists a neighborhood U of p such that the number of elements [g]∗ ∈ ιT (G)
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satisfying [g]∗(U) ∩ U 6= ∅ is finite. This is equivalent to saying that the orbit
ιT (G)(p) is a discrete set and the stabilizer subgroup StabιT (G)(p) is finite. We
say that a subgroup G ⊂ MCG(R) acts at p ∈ T (R) freely if StabιT (G)(p)
consists only of the identity.

The following result is crucial in our arguments. Theorem 3.4 immediately
follows from this.

Proposition 3.5 ([14]). Let R be a topologically infinite Riemann surface
satisfying the bounded geometry condition. Then the stable quasiconformal
mapping class group G∞(R) acts on T (R) discontinuously and freely.

The analytic counterpart of the stable quasiconformal mapping class group is
given by using the representation of the quasiconformal mapping class group
MCG(R) in the automorphisms group of the asymptotic Teichmüller space
AT (R). We also introduce another Teichmüller space corresponding to the
kernel Ker ιAT of the representation ιAT : MCG(R) → Aut(AT (R)).

Definition 3.6. The intermediate Teichmüller space of a Riemann surface R
is defined by

IT (R) = T (R)/Ker ιAT ,

which is the quotient space of the Teichmüller space T (R) by the asymptoti-
cally trivial mapping class group Ker ιAT .

The projection σ : T (R) → IT (R) factorizes the projection ρ : T (R) →
M(R) into ρ2 : IT (R) → M(R) so that ρ = ρ2 ◦ σ. We also have a projec-
tion from IT (R) onto AT (R). Indeed, the subgroup Ker ιAT acts on AT (R)
trivially, and hence σ factorizes the projection π : T (R) → AT (R) into
σ′ : IT (R) → AT (R) so that π = σ′ ◦ σ. Here is the diagram of those
projections:

T (R)
τ−−−→ M̃(R) −−−→ IT (R)

ρ2−−−→ M(R)yσ′

AT (R)

The enlarged moduli space M̃(R) lies between T (R) and IT (R). This is seen
from the inclusion G∞(R) ⊂ Ker ιAT in Proposition 2.2. The fact that there is

a projection τ ′ from M̃(R) onto AT (R) is also seen from the fact that weakly
equivalent quasiconformal homeomorphisms are asymptotically equivalent.

If R is analytically finite, then M̃(R) = IT (R) = M(R), and the asymptotic
Teichmüller space AT (R) is just one point. On the other hand, if R is the unit

disk D, then T (D) = M̃(D) = IT (D). Indeed, Ker ιAT is trivial for the unit
disk D. Thus we have IT (D) = T (D)/Ker ιAT = T (D).
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The intermediate Teichmüller space is located at the middle of the way
down from T (R), which is at the branch point of the projections ρ and π. The
following theorem states this situation precisely.

Theorem 3.7. The intermediate Teichmüller space IT (R) = T (R)/Ker ιAT is
the smallest quotient space T (R)/G by a subgroup G of MCG(R) such that the
projection πG : T (R) → T (R)/G splits the projection π : T (R) → AT (R) into
π′

G : T (R)/G → AT (R) with π = π′
G ◦ πG. Here the smallest quotient space

means that if there is another quotient space T (R)/G satisfying this property,
then G ⊂ Ker ιAT .

Proof. Suppose to the contrary that there exists a subgroup G of MCG(R) such
that πG splits π into π′

G with π = π′
G ◦ πG but G is not contained in Ker ιAT .

We take an element [g] ∈ G that does not belong to Ker ιAT . Since [g] acts
on AT (R) non-trivially, there exists a point p̂ ∈ AT (R) such that [g]∗∗(p̂) 6= p̂.
We take a lift p ∈ T (R) of p̂ against the projection π : T (R) → AT (R). Since
[g]∗∗(p̂) = [g]∗∗(π(p)) = π([g]∗(p)), we can take [g]∗(p) ∈ T (R) as one of the
lifts of [g]∗∗(p̂) to T (R). Here the two points p and [g]∗(p) project to the same
point on T (R)/G. Since there is a projection π′

G : T (R)/G → AT (R), these
two points also project to the same point on AT (R), namely, p̂ = [g]∗∗(p̂).
However this is a contradiction. ¤

Now we assume that a Riemann surface R satisfies the bounded geometry
condition and apply Theorem 2.5. Then we have G∞(R) = Ker ιAT , and hence

the enlarged moduli space M̃(R) is coincident with the intermediate Teichmül-
ler space IT (R). In particular, IT (R) has the complex structure by Theorem
3.4. We consider the group Aut(IT (R)) of all biholomorphic automorphisms
of IT (R).

The quasiconformal mapping class group MCG(R) acts on the intermediate
Teichmüller space IT (R) = T (R)/Ker ιAT . This action is biholomorphic since
G∞(R) = Ker ιAT acts discontinuously and freely on T (R) by Proposition 3.5.
Hence we have a representation

ιIT : MCG(R) → Aut(IT (R)).

This homomorphism ιIT is surjective. Indeed, every element ϕ ∈ Aut(IT (R))
can be lifted to a biholomorphic automorphism of T (R) since T (R) is simply
connected. From the fact that any biholomorphic automorphism of T (R) is
induced by an element of MCG(R), we see that ϕ is also induced by the element
of MCG(R).

From the definition IT (R) = T (R)/Ker ιAT , it follows that Ker ιIT ⊃ Ker ιAT .
On the other hand, Ker ιIT ⊂ Ker ιAT since there is the projection σ′ : IT (R) →
AT (R). Hence we conclude that Ker ιIT = Ker ιAT . Therefore we are able to
state the following.
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Theorem 3.8. For a topologically infinite Riemann surface satisfying the
bounded geometry condition, there exists a geometric isomorphism of ModAT (R)
onto Aut(IT (R)).

This theorem says that the asymptotic Teichmüller modular group ModAT (R)
can be represented as the automorphism group of some Teichmüller space,
which corresponds to the fact that the Teichmüller modular group Mod(R) is
equal to Aut(T (R)) for the ordinary Teichmüller space.

4. Frames of geodesics on Riemann surfaces

In this section, we give preparatory results on frames of geodesics in a hy-
perbolic surface, which are fundamental skeletons dominating local geometry.
We will utilize them in our proof of Theorem 2.9 later.

First, we give the following remark concerning the upper bound condition
on a Riemann surface. See [15, Proposition 1].

Proposition 4.1. Let R be a Riemann surface satisfying the upper bound
condition for a constant M . Then there exists a constant M ′(≥ M) depending
only on M that satisfies the following: for every point x in the non-cuspidal
part Ṙ, there exists a homotopically non-trivial simple closed curve based at x
not surrounding a puncture of R whose hyperbolic length is less than or equal
to M ′.

Thus, replacing M with M ′, we may regard that the constant M for the up-
per bound condition also satisfies the condition for the constant M ′ in Propo-
sition 4.1. Namely, the upper bound condition for the constant M also implies
that, for every point x ∈ Ṙ, there is a non-trivial and non-cuspidal simple
closed curve based at x whose hyperbolic length is less than or equal to M .

Let d denote the hyperbolic distance on a Riemann surface R and `(c) denote
the hyperbolic length of a curve c on R. For a non-trivial and non-cuspidal
simple closed curve c on R, let c∗ be the unique simple closed geodesic that
is freely homotopic to c. For a subsurface V of R whose relative boundary
∂V consists of simple closed curves, let V∗ be a subsurface of R each of whose
relative boundary components is the simple closed geodesic that is freely ho-
motopic to the corresponding component of ∂V . We call such V∗ a geodesic
subsurface. Remark that if a relative boundary component of ∂V is trivial or
cuspidal, then we assume that the corresponding component of ∂V∗ is degen-
erated.

Definition 4.2. A frame X in a Riemann surface R is an ordered triple
(c1, c2, η) satisfying the following: (i) c1 and c2 are oriented simple closed
geodesics on R possibly intersecting or coincident; (ii) η is a non-degenerate
oriented geodesic arc connecting c1 with c2 perpendicularly, possibly having
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self-intersection or other intersection with c1, c2 different from the end points;
(iii) η is initiated from c1 on the right of its orientation and terminated to c2

on the right of its orientation. For a frame X = (c1, c2, η), we define its inverse
X−1 by (c2, c1, η

−1). Furthermore, we say that X = (c1, c2, η) is a D-frame for
a constant D > 0 if the hyperbolic lengths of c1, c2 and η are not greater than
D. In the special case where c1 and c2 are coincident counting the orientation,
we call X = (c, c, η) particularly a thetaframe. Then η must be initiated from
and terminated to c on the same (right) side. See Figure 1.

c

η

η

c1 c2

Figure 1. Frames

Equivalently, we can say that a frame X in R is the image of the following
H-shape in the hyperbolic plane D under the universal covering projection
D → R. Let c̃1 and c̃2 be disjoint oriented axes on D corresponding to simple
closed geodesics such that each one lies on the right side of the other. Let η̃ be
the shortest geodesic arc connecting c̃1 with c̃2, in other words, the common
perpendicular geodesic arc, that has the orientation from c̃1 to c̃2. Then the
H-shape consists of these c̃1, c̃2 and η̃.

A non-degenerate geodesic arc η connecting simple closed geodesics c1 with
c2 perpendicularly is called a bridge. A bridge is uniquely determined by c1, c2

and a homotopy class of an arc from c1 to c2, where we regard the homotopy
as preserving the ends points of the moving arcs in c1 and c2 throughout. In
this sense, we can define the bridge by specifying a homotopy class.

For a quasiconformal homeomorphism f of R onto another Riemann surface
R′ and for a frame X = (c1, c2, η) in R, we denote by f(X)∗ the frame in R′

that is homotopic to f(X) = (f(c1), f(c2), f(η)). More precisely, the frame
f(X)∗ = (f(c1)∗, f(c2)∗, f(η)∗) consists of the simple closed geodesics f(c1)∗,
f(c2)∗ freely homotopic to f(c1), f(c2) and the bridge f(η)∗ defined as follows.

Let f(xi) be the end point of f(η) in f(ci) and let H
(i)
t (0 ≤ t ≤ 1) be a

homotopy deforming f(ci) to f(ci)∗ for i = 1, 2. Then H
(i)
t (f(xi)) defines an

arc si from f(xi) to a point in f(ci)∗. The bridge f(η)∗ connects f(c1)∗ with
f(c2)∗ in the homotopy class of s−1

1 · f(η) · s2 in the above sense.
For a frame X = (c, c′, η), we can make a thetaframe θ(X) = (c, c, η̃), where

the new bridge η̃ is in the homotopy class of η · c′ · η−1. For a quasiconformal
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homeomorphism f , we have θ(f(X)∗) = f(θ(X))∗. We also see the following
facts easily.

Proposition 4.3. The thetaframe θ(X) for a frame X satisfies the following:

(1) if X is a D-frame, then θ(X) is a 3D-frame;
(2) if X1 and X2 are distinct frames, then θ(X1) and θ(X2) are distinct.

The following proposition gives an estimate of the ratio of the hyperbolic
length of a simple closed geodesic to that of the image under a quasiconformal
homeomorphism, which is an improvement of the well-known result given in
[30] and [32]. In particular, this can be applied to simple closed geodesics in
frames.

Proposition 4.4 ([12]). Let c be a simple closed geodesic on a Riemann surface
R. For a subset V of R, let d = d(c, V ) be the hyperbolic distance between c and
V . If f is a K-quasiconformal homeomorphism of R onto another Riemann
surface such that the restriction of f to R − V is (1 + ε)-quasiconformal for
some ε ≥ 0, then an inequality

1

α
· `(c) ≤ `(f(c)∗) ≤ α · `(c)

is satisfied for a constant

α = α(K, ε, d) = K + (1 + ε − K)
2 arctan(sinh d)

π
with 1 ≤ α ≤ K and limd→∞ α = 1 + ε.

On the other hand, the following result gives an estimate for bridges of
frames, which is essentially proved in [2].

Proposition 4.5. If f is a K-quasiconformal homeomorphism of a Riemann
surface R onto another Riemann surface, then, for every frame (c1, c2, η) in
R, an inequality

1

K
`(η) − C/K ≤ `(f(η)∗) ≤ K`(η) + C

is satisfied, where C = C(K) ≥ 0 is a constant depending only on K.

The estimate obtained in Proposition 4.5 is linear with respect to K having
the additive constant C. This is useful when `(η) is large but otherwise not.
In the next lemma, we consider the same situation as in Proposition 4.4, and
obtain a linear estimate without a constant term though the multiplier does
not depend only on K.

Lemma 4.6. Let W∗ be a geodesic subsurface in a Riemann surface R, and
V a subset of R such that d = d(W∗, V ) > 0. If f is a K-quasiconformal
homeomorphism of R onto another Riemann surface such that the restriction
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of f to R − V is (1 + ε)-quasiconformal for ε ≥ 0, then, for every D-frame
(c1, c2, η) in W∗, an inequality

{1 − (α − 1)β}`(η) ≤ `(f(η)∗) ≤ {1 + (α − 1)β}`(η)

is satisfied, where α = α(K, ε, d) is the constant as in Proposition 4.4 and
β = β(K,D) > 0 is a constant depending only on K and D.

Proof. Let c3 be a closed geodesic that is freely homotopic to a closed curve
c1 · η · c2 · η−1 based at the initial point of η. Then it is contained in W∗. By
a formula for right-angled hexagons on the universal cover (see [3, Theorem
2.4.1]), we know that

cosh
`(c3)

2
= cosh `(η) sinh

`(c1)

2
sinh

`(c2)

2
− cosh

`(c1)

2
cosh

`(c2)

2
.

By Proposition 4.4, we have the inequalities (1/α) · `(ci) ≤ `(f(ci)∗) ≤ α · `(ci)
for i = 1, 2, 3.

We define an increasing function φ(t) of the variable t ≥ 1 by

φ(t) = arccosh

cosh
t`(c3)

2
+ cosh

t`(c1)

2
cosh

t`(c2)

2

sinh
`(c1)

2t
sinh

`(c2)

2t

 .

Then `(η) = φ(1). Applying the same formula to the image under f , we have
`(f(η)∗) ≤ φ(α). The mean value theorem for φ(t) yields an inequality

φ(α) − φ(1) ≤ max
1≤ξ≤α

φ′(ξ)(α − 1).

By setting β1 = max1≤ξ≤α φ′(ξ)/φ(1) > 0, we have φ(α) ≤ {1+(α−1)β1}φ(1).
Similarly, we define a decreasing function ψ(t) of the variable t ≥ 1 by

ψ(t) = arccosh

cosh
`(c3)

2t
+ cosh

`(c1)

2t
cosh

`(c2)

2t

sinh
t`(c1)

2
sinh

t`(c2)

2

 .

Then `(η) = ψ(1) and `(f(η)∗) ≥ ψ(α). Again the mean value theorem for
ψ(t) yields an inequality

ψ(α) − ψ(1) ≥ min
1≤ξ≤α

ψ′(ξ)(α − 1).

By setting β2 = min1≤ξ≤α ψ′(ξ)/ψ(1) < 0, we have ψ(α) ≥ {1+(α−1)β2}ψ(1).
We define β = max{β1,−β2}, which depends continuously on `(c1), `(c2),

`(η) (≤ D) and α (≤ K). Hence β depends on K and D and we have the
required inequalities given by this β. ¤

Now we will choose appropriate frames for our purpose. Under the bounded
geometry condition, we can take a frame of bounded size as follows.
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Proposition 4.7. Let R be a Riemann surface satisfying (m, M)-bounded ge-
ometry condition and ` > 0 a positive constant. For any simple closed geodesic
c on R whose hyperbolic length `(c) is bounded by `, there exists a D-thetaframe
(c, c, η) or (c−1, c−1, η), where D depends only on m, M and `.

Proof. It has been proved in [11, Proposition 3.1] that we can choose a bridge
η′ connecting c with itself whose hyperbolic length is not greater than some
constant D/3 ≥ `, where D depends only on m, M and `. Then either
X = (c, c, η′) or X ′ = (c, c−1, η′) becomes a (D/3)-frame after changing the
orientation of c if necessary. Thus the thetaframe X or θ(X ′) is the desired
one by Proposition 4.3. ¤

Also we have an estimate of the number of such frames. This can be obtained
by [11, Proposition 3.2].

Proposition 4.8. The number of D-thetaframes (c, c, η) in an arbitrary Rie-
mann surface R based on a fixed simple closed geodesic c is not greater than

− 2D

log(tanh(D/2))
> 0.

In the proof of our main theorem, we estimate the variation of certain values
associated with frames under their movement (Theorem 5.5). The next lemma
ensures that we can take two adjacent frames such that one is fixed and the
other is not fixed by a given non-trivial mapping class.

Lemma 4.9. Let R be a Riemann surface satisfying (m,M)-bounded geom-
etry condition and U∗ a geodesic subsurface in R. Let g be a quasiconformal
automorphism of R such that the restriction g|U∗ is not homotopic to the in-
clusion map U∗ ↪→ R. Suppose that there exists a D-frame X0 = (c0, c

′
0, η0)

in U∗ for some constant D > 0 with g(X0)∗ = X0. Then there exist D̃-frames

Y = (cY , c′Y , ηY ) and Z = (cZ , c′Z , ηZ) in the B̃-neighborhood of U∗ that sat-
isfy the following properties: (i) the oriented simple closed geodesics cY and
cZ satisfy either cY = cZ or cY = (cZ)−1; (ii) g(Y )∗ = Y and g(Z)∗ 6= Z.

Here D̃ (> D) is a constant depending only on m, M and D, and B̃ > 0 is a
constant depending only on m and M .

Proof. We will prove this lemma by dividing the arguments into four claims.
First, we have the following claim possibly by changing the orientation of c0.

Claim 1. There exists a thetaframe X = (c0, c0, η) such that g(c0)∗ = c0 and
g(X)∗ 6= X.

Since g is not homotopic to the inclusion map on U∗, there exists a simple
closed geodesic ĉ on U∗ such that g(ĉ) is not freely homotopic to ĉ, though we
cannot control the hyperbolic length of ĉ. See [10, Lemma 3]. By changing the
orientation of c0 and ĉ if necessary, we can choose a bridge η′ in U∗ connecting c0
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with ĉ so that (c0, ĉ, η
′) is a frame. Moreover, we take the thetaframe θ(c0, ĉ, η

′)
in U∗, which is denoted by X = (c0, c0, η). Then g(ĉ)∗ 6= ĉ yields g(X)∗ 6= X
by Proposition 4.3. Thus X is the desired one.

Note that we may assume that η is contained in the non-cuspidal part Ṙ.
Indeed, if η has the intersection with a cusp neighborhood, we have only to
make a detour avoiding it in the same homotopy class. In this case, η is no
longer geodesic, but this does not cause a trouble in the arguments below.

The next claim follows from the proof of [15, Lemma 6]. Recall Proposition
4.1 and the remark just below concerning the constant M .

Claim 2. There exists a constant B > 0 depending only on m and M such
that, for every point z ∈ Ṙ, there is a simple closed geodesic c with d(z, c) ≤ B
and `(c) ≤ M .

Set D1 = 2B + 2M + D, D̃ = 2D1 + B and B̃ = B + M/2. We will find

D̃-frames Y and Z in the B̃-neighborhood of U∗ as in the statement of the
lemma. If `(η) ≤ 2D1, then we have nothing to prove, for Y = X0 and Z = X
are the desired ones. Thus we may assume that `(η) > 2D1. We denote a
subarc of η between two points z and z′ by η(z, z′). Let z0 ∈ c0 be the initial
point and z∞ ∈ c0 the terminal point of η. We will construct a ring of frames
as the following claim describes.

・

•

s2

z2

η2
η1

c0
c1

c2

s1

η(z1, z2)η(z0, z1) z1

η
z∞

z0 ・ ・

Figure 2. A ring of frames

Claim 3. There exist a set {zi}n
i=1 of points zi on η, a set {ci}n

i=1 of simple closed
geodesics ci on R, a set {si}n

i=1 of arcs si from zi to ci, and a set {ηi}n
i=1 of

bridges ηi connecting ci−1 with ci such that they satisfy the following properties:
(i) zn = z∞, cn = c0 or c−1

0 , and sn = {z∞}; (ii) ηi is in the homotopy class
of s−1

i−1 · η(zi−1, zi) · si in the sense that the homotopy keeps the initial point
in ci−1 and the terminal point in ci, where we assume s0 = {z0}; (iii) either

(ci−1, ci, ηi) or (c−1
i−1, ci, ηi) constitutes a D̃-frame Xi in the B̃-neighborhood of

U∗ for each i = 1, . . . , n.
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First, we take a point z1 ∈ η so that the length of the subarc η(z0, z1) is D1.
By Claim 2, there exists a simple closed geodesic c1 and an arc s1 from z1 to

c1 such that `(s1) ≤ B and `(c1) ≤ M . Note that c1 is in the B̃-neighborhood
of U∗. Let η1 be the bridge connecting c0 with c1 in the homotopy class of

η(z0, z1) · s1. Then `(η1) ≥ D1 −B −D−M > 0 and `(η1) ≤ D1 +B < D̃. By

changing the orientation of c1 if necessary, we have a D̃-frame X1 = (c0, c1, η1)

in the B̃-neighborhood of U∗.
Next, we assume that there is a point z2 ∈ η such that the length of the

subarc η(z1, z2) is D1. There are a simple closed geodesic c2 and an arc s2

from z2 to c2 such that `(s2) ≤ B and `(c2) ≤ M . As before, c2 is in the B̃-
neighborhood of U∗. Take the bridge η2 connecting c1 with c2 in the homotopy
class of s−1

1 · η(z1, z2) · s2. Then `(η2) ≥ D1 − 2B − 2M > 0 and `(η2) ≤
D1 + 2B < D̃. By changing the orientation of c2 if necessarily, either a triple

(c1, c2, η2) or a triple (c−1
1 , c2, η2) is a D̃-frame X2. See Figure 2.

Repeating this argument, we obtain the dividing points zi ∈ η, the arcs si

and the triples (ci−1, ci, ηi) inductively until the length of the subarc η(zn−1, z∞)
is not greater than 2D1. We set zn = z∞ and cn = c0 or c−1

0 . Let ηn be the
bridge connecting cn−1 with cn in the homotopy class of s−1

n−1 · η(zn−1, zn).

Then `(ηn) ≥ D1 − B − M − D > 0 and `(ηn) ≤ 2D1 + B = D̃. Therefore,

for each i (1 ≤ i ≤ n), either (ci−1, ci, ηi) or (c−1
i−1, ci, ηi) is a D̃-frame in the

B̃-neighborhood of U∗, which we define as Xi. This completes the proof of
Claim 3.

We have constructed a ring of frames. The following claim says that we can
choose a desired one among these frames.

Claim 4. There exists some i (1 ≤ i ≤ n) such that g(Xi)∗ 6= Xi.

Suppose to the contrary that there is no such i. That is, g(ci)∗ = ci and
g(ηi)∗ = ηi for all i. Here we note that s−1

i−1 ·η(zi−1, zi) ·si is homotopic to ηi by
a homotopy keeping the initial point in ci−1 and the terminal point in ci, and
g(s−1

i−1 · η(zi−1, zi) · si) is homotopic to g(ηi) by the corresponding homotopy

in the image under g. Also the product of all the arcs s−1
i−1 · η(zi−1, zi) · si

taken over i = 1, . . . , n is equal to η. From all these conditions, we see that
the bridge g(η)∗ of the frame g(X)∗ must satisfy g(η)∗ = η. However, since
g(c0)∗ = c0 by the assumption, this contradicts Claim 1.

Take the smallest number i such that g(Xi)∗ 6= Xi and set Y = X−1
i−1 and

Z = Xi. These are D̃-frames and satisfy the desired condition. ¤
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5. Moduli of hyperbolic right-angled hexagons

In this section, we define the moduli of hyperbolic right-angled hexagons
and estimate the variation of the moduli from below when a quasiconformal
automorphism moves a hexagon in a non-trivial way.

A right-angled hexagon in a Riemann surface R is, by definition, the image of
a hyperbolic right-angled hexagon in D under the universal covering projection
D → R. A right-angled hexagon in D is called regular if it does not have self-
intersection (and is called twisted otherwise). Its image in R is also called
regular. A regular right-angled hexagon H having the sides η0, δ2, η1, δ0,
η2 and δ1 in cyclic order is denoted by (ηi, δi)i=0,1,2. Consider the hyperbolic
lengths (a0, a1, a2) = (`(η0), `(η1), `(η2)) and (b0, b1, b2) = (`(δ0), `(δ1), `(δ2)).
The isometry class of regular right-angled hexagons in D is determined by the
triple either (a0, a1, a2) or (b0, b1, b2). We call them the moduli triples. If all
the lengths ai = `(ηi) and bi = `(δi) are bounded by a constant D > 0, then
we say that H = (ηi, δi)i=0,1,2 is a D-hexagon.

Lemma 5.1. If H = (ηi, δi)i=0,1,2 is a regular right-angled D-hexagon for a
constant D > 0, then there exists a constant d > 0 depending only on D such
that all the lengths ai = `(ηi) and bi = `(δi) are bounded from below by d.

Proof. By the formula on regular right-angled hexagons, we have

bi = arccosh

(
cosh ai + cosh aj cosh ak

sinh aj sinh ak

)
for any distinct i, j, k ∈ {0, 1, 2}, and the same formula for ai by exchanging
the roles of {ai} and {bi}. Although the assertion of the lemma may come
directly from these formulae, we prove this here in the following way.

We prepare a mirror image H ′ of H and glue H and H ′ along the corre-
sponding three η-sides to obtain a pair of pants whose geodesic boundaries have
lengths 2bi (i = 0, 1, 2). By Lemma 5.2 below, we have arcsinh(1/ sinh bi) ≤ D.
Set d = arcsinh(1/ sinh D). Then we have bi ≥ d. By exchanging the roles of
{ai} and {bi}, we also obtain ai ≥ d. This proves the assertion. ¤

The following claim so called the collar lemma serves as the foundation of
our entire arguments on hyperbolic geometry. See [3] for instance.

Lemma 5.2. Let c be a simple closed geodesic on a Riemann surface with
hyperbolic length `(c). Then there exists an annular neighborhood A(c) of c
with width ω (i.e. an ω-neighborhood of c) for sinh ω = 1/ sinh(`(c)/2), which
is called a collar. Moreover, if c1 and c2 are disjoint simple closed geodesics,
then the collars A(c1) and A(c2) are disjoint.

Let c be an oriented simple closed geodesic on a Riemann surface and let
ηi (i = 0, 1, 2) be a bridge connecting c with itself. Note that ηi can have the
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intersection with itself, another ηj or c. We denote the initial point of ηi on c
by x−

i and the terminal point of ηi on c by x+
i . Let δi (i = 0, 1, 2) be a subarc

of c starting from x+
i+1 and going along c for its orientation and ending at x−

i+2.
Here we use the convention that x±

i+3 = x±
i .

Definition 5.3. Under the notation above, a quadruple X̂ = (c, η0, η1, η2) in
a Riemann surface R is called a hexapod based on c if a closed curve η0 · δ2 ·
η1 · δ0 · η2 · δ1 is homotopically trivial in R and if all the six ends of the bridges
ηi (i = 0, 1, 2) lie on the right side of c. See Figure 3. For a constant D > 0,

X̂ = (c, η0, η1, η2) is called a D-hexapod if `(c) ≤ D and `(ηi) ≤ D for all
i = 0, 1, 2.

•
•

•
•

•

•

η1

x
−

0

x
+

0

x
+

1

x
−

1

x
−

2

x
+

2

δ0

δ1

δ2

η0

η2

c

Figure 3. The hexapod

For a hexapod X̂ = (c, η0, η1, η2) in R, the right-angled hexagon (ηi, δi)i=0,1,2

is determined by the bridges ηi and the subarcs δi of c, which is denoted by
H(X̂). The condition that all the six ends of {ηi} lie on the same side of c

implies that the right-angled hexagon H(X̂) is regular.
A hexapod can be constructed from two thetaframes based on a common

simple closed geodesic possibly having different orientation. We will explain
this procedure here. First we note the following. Consider an oriented simple
closed geodesic c and two bridges η0 and η1 connecting c with itself in general.
Let x+

0 be the terminal point of η0, x−
1 the initial point of η1, and δ2 the subarc

of c from x+
0 to x−

1 for its orientation. Then we have a bridge connecting c
with itself that is homotopic to (η0 · δ2 · η1)

−1 by a homotopy keeping the end
points of the arcs on c. We denote this bridge by η(c, η0, η1).

As the easier case, suppose that two distinct thetaframes X0 = (c, c, η0) and
X1 = (c, c, η1) are given. Set η2 to be the bridge η(c, η0, η1) defined as above.
Then the ends of η2 also lie on the right side of c and thus we have a hexapod
represented by

X̂(X0, X1) = (c, η0, η1, η2).
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If X0 and X1 are D-thetaframes, then the length of η2 is bounded by 5D and
thus X̂(X0, X1) is a 5D-hexapod.

c

η

η0

η1

Figure 4. Twisted bridge

However, if the given thetaframes are X0 = (c, c, η0) and X1 = (c−1, c−1, η1),

then we have to replace X1 with another thetaframe X#
1 = (c, c, η#

1 ) in order
to construct the hexapod as above. In this case, the ends of η0 and η1 lie on
different sides of c as in Figure 4. Set η = η(c, η0, η1). Since the two ends
of η lie on different sides of c, we have a frame Q = (c, c−1, η−1). Then we

obtain the thetaframe X#
1 by taking θ(Q). If X0 and X1 are D-thetaframes,

then Q is a 5D-frame since the length of η is bounded by 5D. Hence X#
1

is a 15D-thetaframe by Proposition 4.3 and X̂(X0, X
#
1 ) is a 15D-hexapod.

Moreover, if a quasiconformal automorphism g of R satisfies g(X0)∗ = X0 and

g(X1)∗ 6= X1, then g(Q)∗ 6= Q and hence g(X#
1 )∗ 6= X#

1 again by Proposition
4.3.

Now we deal with quasiconformal deformations of hexapods in a Riemann
surface R. Let X̂ = (c, η0, η1, η2) be a hexapod based on a simple closed

geodesic c on R and H(X̂) = (ηi, δi)i=0,1,2 the regular right-angled hexagon

associated with X̂. For a quasiconformal homeomorphism f of R onto another
Riemann surface R′, we define the corresponding hexapod in R′ by

f(X̂)∗ = (f(c)∗, f(η0)∗, f(η1)∗, f(η2)∗).

Hence we have the regular right-angled hexagon H(f(X̂)∗) in R′. We denote
its sides by {η′

i} and {δ′i} and their lengths by {a′
i} and {b′i} respectively. Set

A(X̂; f) = max

{
a0

a′
0

,
a′

0

a0

,
a1

a′
1

,
a′

1

a1

,
a2

a′
2

,
a′

2

a2

}
(≥ 1)

and

B(X̂; f) = max

{
b0

b′0
,
b′0
b0

,
b1

b′1
,
b′1
b1

,
b2

b′2
,
b′2
b2

}
(≥ 1).
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Proposition 5.4. For constants K ≥ 1 and D > 0, there exists a constant
κ > 0 depending only on K and D such that

B(X̂; f)κ ≤ A(X̂; f)

is satisfied for every regular right-angled hexagon H(X̂) associated with a D-

hexapod X̂ in a Riemann surface R and for every K-quasiconformal homeo-
morphism f of R.

Proof. For an orientation-preserving diffeomorphism F of R3, set

LF (x) = max
v

‖(dF )x(v)‖

for x = (x0, x1, x2) ∈ R3, where the maximum is taken over all tangent vectors
v ∈ Tx(R3) with ‖v‖ = 1. Since LF is a continuous function on R3, the
maximum L = max LF (x) < ∞ exists on a convex compact subset V of R3,
and hence an inequality

‖F (x) − F (x′)‖ ≤ L‖x − x′‖
is satisfied for x, x′ ∈ V . For the distance d∞(x, x′) = maxi=0,1,2{|xi − x′

i|},
this yields

d∞(F (x), F (x′)) ≤
√

3Ld∞(x, x′).

For the moduli triples (a0, a1, a2) and (b0, b1, b2) of a regular right-angled

hexagon H(X̂), we set αi = log ai and βi = log bi (i = 0, 1, 2). Then the
formula for regular right-angled hexagons asserts

βi = log arccosh

(
cosh eαi + cosh eαj cosh eαk

sinh eαj sinh eαk

)
for any distinct i, j, k ∈ {0, 1, 2}. By this relation, we have an orientation-
preserving diffeomorphism F of R3 defined by (α0, α1, α2) 7→ (β0, β1, β2).

Let {a′
i} and {b′i} be the lengths of the sides of H(f(X̂)∗) and set α′

i = log a′
i

and β′
i = log b′i. By Proposition 4.5, all the a′

i and b′i are bounded by a constant
depending on K and D. Then, by Lemma 5.1, we have an appropriate convex
compact subset V ⊂ R3 to consider the function F . By the above observation,
we see that the inequality

1√
3L

d∞(y, y′) ≤ d∞(x, x′)

holds for x(′) = (α0, α1, α2)
(′) and y(′) = (β0, β1, β2)

(′), where L is the constant
depending on V , and hence depending on K and D. By taking κ = (

√
3L)−1,

we have the assertion. ¤
The moduli triples of right-angled hexagons are conformally invariant. In

the next theorem, we obtain an estimate of the variation of the moduli triple
under a quasiconformal automorphism by the movement of frames.
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Theorem 5.5. There exists a constant A0 = A0(K,D) > 1 depending only
on K ≥ 1 and D > 0 that satisfies the following: for a K-quasiconformal
automorphism g of a Riemann surface R, if there exist thetaframes X0 =
(c, c, η0) and X1 = (c, c, η1) such that X̂ = X̂(X0, X1) is a D-hexapod and that

the conditions g(X0)∗ = X0 and g(X1)∗ 6= X1 are satisfied, then A(X̂; g) ≥ A0.

Proof. Set X ′
1 = g(X1)∗ = (c, c, η′

1) 6= X1. Starting from the terminal point
x+

0 of η0 for the orientation of c, we choose one of η1 or η′
1 whose initial

point comes first. We may assume that it is η1. Then consider a thetaframe
X−1

1 = (c, c, η−1
1 ) and construct a hexapod

X̂ ′ = X̂(X−1
1 , X ′

1) = (c, η−1
1 , η′

1, η)

out of X−1
1 and X ′

1 by taking a bridge η = η(c, η−1
1 , η′

1). The regular right-

angled hexagon H(X̂ ′) consists of the six sides denoted by η−1
1 , λ, η′

1, λ
−1
1 , η, λ′

1

in order. As before, we denote the lengths of the δ-sides of H(X̂) by {bi} and

the lengths of the δ-sides of H(g(X̂)∗) by {b′i}. Then `(λ) = b′2−b2. See Figure
5.

•

c

x
+

0

η
η
′

1

η1

λ
−1

1

η0

λ λ
′

1

Figure 5. Movement of hexapods

By the formula on regular right-angled hexagons, we have

cosh `(λ) =
cosh `(η) + cosh `(η1) cosh `(η′

1)

sinh `(η1) sinh `(η′
1)

>
cosh `(η1) sinh `(η′

1)

sinh `(η1) sinh `(η′
1)

=
1

tanh `(η1)

≥ 1

tanh D
> 1.

Then, by b′2/b2 = `(λ)/b2 +1 ≥ `(λ)/D+1, we see that B(X̂, g) ≥ B0 for some
constant B0 > 1 depending on D. Proposition 5.4 says that the assertion of
the theorem follows by taking A0 = Bκ

0 . ¤
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6. A sufficient condition for asymptotic periodicity

In this section, we prove Theorem 2.9 by using the results in Sections 4
and 5. Theorem 2.9 is a consequence of the following theorem. Recall that
[g] ∈ MCG(R) is an asymptotically conformal mapping class if and only if
[g]∗∗ ∈ ModAT (R) is elliptic, that is, [g]∗∗ has a fixed point on AT (R).

Theorem 6.1. Let R be a Riemann surface satisfying (m,M)-bounded geom-
etry condition. Let [g] ∈ MCG(R) be an asymptotically conformal mapping
class. Suppose that, for some constant ` > 0 and in any topologically infinite
neighborhood of each topological end of R, there exists a simple closed geodesic
c with `(c) ≤ ` such that g(c) is freely homotopic to c. Then there exists an
integer t ≥ 1 depending only on m, M and ` such that the quasiconformal
mapping class [gt] is essentially trivial, that is, [gt] ∈ G∞(R).

Proof. Let {Rn}∞n=1 be a regular exhaustion of R. Namely, {Rn}∞n=1 is an in-
creasing sequence of compact subsurfaces Rn satisfying R =

⋃∞
n=1 Rn and each

connected component of the complement R − Rn is not relatively compact.
Consider the sequence of geodesic subsurfaces {(Rn)∗}∞n=1 instead, though
(Rn)∗ is not compact if R−Rn has a cuspidal component. Since R has no ideal
boundary at infinity, {(Rn)∗}∞n=1 also gives an exhaustion of R. For each n ≥ 1,
let (Un)∗ denote any topologically infinite connected component of R− (Rn)∗.

By changing the base Riemann surface of the Teichmüller space, we may
assume that there is an asymptotically conformal automorphism g of R repre-
senting the mapping class [g] ∈ MCG(R). We fix this representative g through-
out.

Let D = D(m,M, `) > 0 be the constant obtained in Proposition 4.7. Define
the greatest integer that does not exceed −4D/log(tanh D) by

N =

[
− 4D

log(tanh D)

]
(≥ 1),

which gives an upper bound of the number of 2D-thetaframes based on a fixed

simple closed geodesic by Proposition 4.8. Let D̃ = D̃(m, M,D) (> D) and

B̃ = B̃(m,M) > 0 be the constants obtained in Lemma 4.9. For the maximal

dilatation K = K(g) of the representative g, let β = β(KN !, 45D̃) > 0 be

the constant obtained in Lemma 4.6, and let A0 = A0(K
N !, 45D̃) > 1 be the

constant in Theorem 5.5. We take a positive constant ε > 0 so that

max

{
1 + 2εβ,

1

1 − 2εβ

}
≤ min

{
2

1
N , A0

}
.

Since g is an asymptotically conformal automorphism of R, there exists a
compact subsurface V ⊂ R such that K(g|R−V ) < 1 + ε. Set dn = d((Un)∗, V )
for any topologically infinite connected components (Un)∗ of R − (Rn)∗. Note
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that dn → ∞ as n → ∞. Since the constant α in Proposition 4.4 satisfies
α(K, ε, d) → 1 + ε as d → ∞, there is an integer n1 such that V ∩ (Un)∗ = ∅
and α(K, ε, dn) < 1 + 2ε for every n ≥ n1.

By the assumption, we can take a simple closed geodesic cn on each (Un)∗
such that g(cn)∗ = cn and `(cn) ≤ `. We may assume that d(cn, ∂(Un)∗) ≥
2D. By Proposition 4.7, we have a D-thetaframe Xn = (cn, cn, ηn), which is
contained in (Un)∗.

Lemma 6.2. For the D-thetaframe Xn = (cn, cn, ηn) in (Un)∗ for n ≥ n1,
there exists an integer s(n) (1 ≤ s(n) ≤ N) such that gs(n)(Xn)∗ = Xn.

Proof. Since the constant β in Lemma 4.6 can be taken as

β(K, 2D) ≤ β(KN !, 45D̃) = β,

we have

1 + (α(K, ε, dn) − 1)β(K, 2D) < 1 + 2εβ ≤ 2
1
N

for every n ≥ n1. Then Lemma 4.6 shows that

`(g(ηn)∗) < (1 + 2εβ)`(ηn) ≤ 2
1
N D.

This in particular implies that g(Xn)∗ = (cn, cn, g(ηn)∗) is a 2D-thetaframe
contained in (Un)∗. Inductively, for all integers k (0 ≤ k ≤ N), we see that

`(gk(ηn)∗) < (1 + 2εβ)k`(ηn) ≤ 2
k
N D.

Then gk(Xn)∗ = (cn, cn, g
k(ηn)∗) are 2D-thetaframes for all such k. However,

since the number of 2D-thetaframes (cn, cn, · ) is at most N , there must be
at least two distinct integers, say k1 and k2 (0 ≤ k1 < k2 ≤ N), such that
gk1(Xn)∗ = gk2(Xn)∗. Thus, by setting s(n) = k2 − k1, we have gs(n)(Xn)∗ =
Xn. ¤
Proof of Theorem 6.1 continued. Since s(n) ≤ N , we have gN !(Xn)∗ = Xn

for all n ≥ n1. We define a quasiconformal automorphism ĝ = gN ! whose
maximal dilatation K(ĝ) is bounded by KN !. Although ĝ is still asymptotically
conformal, K(ĝ) can be larger than K on a larger part of R. Here we again

choose a compact subsurface V̂ ⊂ R such that K(ĝ|R−V̂ ) < 1+ ε. Let (Ûn)∗ be

the smallest geodesic subsurface that contains the B̃-neighborhood of (Un)∗.

Set d̂n = d((Ûn)∗, V̂ ). Then, there exists an integer n̂ (≥ n1) such that V̂ ∩
(Ûn)∗ = ∅ and α(KN !, ε, d̂n) < 1 + 2ε for every n ≥ n̂.

We will prove that [ĝ] is an essentially trivial mapping class. Suppose to the
contrary that [ĝ] /∈ G∞(R). Then there is a topologically infinite connected
component (Un)∗ for some n ≥ n̂ such that ĝ|(Un)∗ is not homotopic to the
inclusion map of (Un)∗. We fix this (Un)∗ hereafter. The D-frame X = Xn in
(Un)∗ satisfies ĝ(X)∗ = X as in Lemma 6.2. Then by Lemma 4.9, there exist
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D̃-frames Y = (cY , c′Y , ηY ) and Z = (cZ , c′Z , ηZ) in (Ûn)∗ either with cY = cZ

or with cY = (cZ)−1 that satisfy ĝ(Y )∗ = Y and ĝ(Z)∗ 6= Z.

From these D̃-frames Y and Z, we first make the 3D̃-thetaframes X0 =
θ(Y ) and X1 = θ(Z). Then construct the hexapod X̂ = X̂(X0, X1) or X̂ =

X̂(X0, X
#
1 ) as in Section 5 according to the coincidence of the orientation.

Thus we obtain the 45D̃-hexapod X̂ in (Ûn)∗ and the regular right-angled

hexagon H(X̂) associated with X̂. Note that we have ĝ(X0)∗ = X0 in both

cases and ĝ(X1)∗ 6= X1 or ĝ(X#
1 )∗ 6= X#

1 in each case. Consider the moduli

triples (a0, a1, a2) of H(X̂) and (a′
0, a

′
1, a

′
2) of H(ĝ(X̂)∗). Then Theorem 5.5

can be applied to show that

A(X̂; ĝ) = max

{
a0

a′
0

,
a′

0

a0

,
a1

a′
1

,
a′

1

a1

,
a2

a′
2

,
a′

2

a2

}
≥ A0

for the constant A0 = A0(K
N !, 45D̃) > 1.

On the other hand, we can estimate A(X̂; ĝ) from above. For each bridge ηi

(i = 0, 1, 2) in the hexapod X̂, Lemma 4.6 yields that

{1 − (α(KN !, ε, d̂n) − 1)β}`(ηi) ≤ `(ĝ(ηi)∗) ≤ {1 + (α(KN !, ε, d̂n) − 1)β}`(ηi),

where `(ηi) = ai and `(ĝ(ηi)∗) = a′
i. Then by α(KN !, ε, d̂n) < 1 + 2ε, we have

A(X̂; ĝ) < max

{
1 + 2εβ,

1

1 − 2εβ

}
≤ A0.

However, this is a contradiction. Thus we complete the proof. ¤
As the following example shows, Theorem 6.1 is not true if R does not satisfy

the bounded geometry condition.

Example 6.3. Let R be a Riemann surface of one topological end that does
not satisfy the lower bound condition. Namely, there exists a sequence of
mutually disjoint simple closed geodesics {cn}∞n=1 such that their hyperbolic
lengths tend to 0 as n → ∞. Let [g] ∈ MCG(R) be a quasiconformal mapping
class that is caused by infinitely many Dehn twists with respect to all cn. Then
[g]∗∗ = id and g(cn)∗ = cn for every n. However, there is no integer t ≥ 1 such
that [gt] is essentially trivial.

Also, we cannot replace the conclusion of Theorem 6.1 with the statement
that the mapping class [g] itself is essentially trivial.

Example 6.4. We consider a topologically finite geodesic subsurface S of two
punctures and two boundary geodesics of the same length on which there ex-
ists a conformal involution h fixing the two boundary geodesics and changing
the two punctures. We prepare infinitely many copies of S and glue the copies
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isometrically along the boundary geodesics one after the other. Then a topo-
logically infinite Riemann surface R is obtained and the involution h induces
a conformal automorphism g of R of order 2, which satisfies the assumptions
of Theorem 6.1. However, [g] ∈ MCG(R) is not essentially trivial.

7. Pinching deformation on mutually disjoint collars

In this section, we prove the existence of a quasiconformal deformation sat-
isfying a certain condition on the hyperbolic lengths of simple closed geodesics.
We recall the collar lemma (Lemma 5.2) again. Keeping in mind the corre-
spondence of the width ω of the collar A(c) to the hyperbolic length l = `(c)
of a simple closed geodesic c, we define a function of l ∈ (0,∞) by

θ(l) = arctan

(
1

sinh(l/2)

)
and denote its inverse function of θ ∈ (0, π/2) by l(θ). Here θ indicates the half
angle of the ideal 2-gon that is the inverse image of A(c) under the universal
covering projection D → R.

We consider the annular cover Â(c) of R with respect to c, which is endowed
with a conformal coordinate (s, t). Here s ∈ (−π/2, π/2) represents the signed
angle from the core simple closed geodesic c, and t ∈ [0, `(c)) (mod `(c)) rep-
resents the point of the orthogonal projection to c. The conformal modulus
λ(Â(c)) of Â(c) is given by 2π2/`(c). The collar A(c) can be embedded in Â(c)
as

A(c) = {(s, t) ∈ Â(c) | s ∈ (−θ(`(c)), θ(`(c)))}.
The conformal modulus λ(A(c)) of A(c) is 4πθ(`(c))/`(c).

A pinching deformation f of R with respect to c is induced by a canoni-
cal stretching map on the collar A(c) defined by (s, t) 7→ (Ks, t) for a con-
stant K ≥ 1. Outside A(c), we extend f to be conformal. This is a K-
quasiconformal homeomorphism of R supported on A(c). Similarly, for a fam-
ily of mutually disjoint simple closed geodesics {cn}∞n=1, we can define the
canonical stretching map on {A(cn)}∞n=1 and the K-quasiconformal homeo-
morphism of R supported on

⋃∞
n=1 A(cn). The conformal modulus λ(f(A(c)))

is equal to Kλ(A(c)) = 4πKθ(`(c))/`(c), which is not greater than the confor-

mal modulus λ(Â(f(c)∗)) = 2π2/`(f(c)∗) of the annular cover Â(f(c)∗) of the
Riemann surface f(R). Hence we have a facile estimate

`(f(c)∗) ≤
`(c)

K
· π/2

θ(`(c))

for the pinching deformation.
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Lemma 7.1. Let R be a Riemann surface satisfying the lower bound condition
for a constant m > 0, and let M (≥ m) be another constant. Then there exists
a constant K ≥ 1 depending only on m and M that satisfies the following:
for any family of mutually disjoint simple closed geodesics {cn}∞n=1 on R with
`(cn) ≤ M , there exists a K-quasiconformal homeomorphism f of R such that
2`(f(cn)∗) < `(f(c)∗) for every n and for every simple closed geodesic c other
than {cn}∞n=1.

Proof. Set r = 2mθ(M)/(Mπ) < 1 and l0 = l(π
2
(1 − r/3)) < l(π/3). By

choosing a suitable constant K0, we consider a K0-quasiconformal homeomor-
phism f0 : R → S0 induced by the canonical stretching maps on the collars
{A(cn)}∞n=1 so that `(f0(cn)∗) ≤ l0/3 for every n. Since `(cn) ≤ M , the width
of A(cn) measured by the angle from cn is not less than θ(M). Hence it is
appropriate to choose the constant K0 = 3Mπ/(2l0θ(M)) for that purpose.
On the other hand, every simple closed geodesic c satisfies `(c) ≥ m and hence
`(f0(c)∗) ≥ m/K0. From the inequalities above, we obtain

`(f0(c)∗)

`(f0(cn)∗)
≥ m

K0

· 3

l0
=

m

M
· θ(M)

π/2
= r

for every n.
Next we perform further pinching deformation for S0. Let f1 : S0 → S be a

K1-quasiconformal homeomorphism induced by the canonical stretching maps
on the collars {A(f0(cn)∗)}∞n=1. Denote the composition f1 ◦ f0 by f : R → S.
The maximal dilatation K of f is bounded by K0K1. Fixing a simple closed
geodesic c different from {cn}∞n=1, we divide the arguments into three cases
according to the intersection of c with cn:

(1) c is disjoint from all cn and `(f0(c)∗) ≥ l0;
(2) c is disjoint from all cn and `(f0(c)∗) < l0;
(3) c intersects at least one of cn.

We will prove that `(f(cn)∗) < `(f(c)∗)/2 for every n by choosing the constant
K1 = 2(3/r − 1)/(1 − r).

First of all, the facile estimate of the pinching deformation with an inequality
θ(`(f0(cn)∗)) > θ(l0) = π

2
(1 − r/3) gives that

`(f(cn)∗) ≤
`(f0(cn)∗)

K1

· π/2

θ(`(f0(cn)∗))
<

`(f0(cn)∗)

K1(1 − r/3)
.

Then in case (1), by applying `(f0(cn)∗) ≤ l0/3 and 1 − r/3 > 2/3 to the
previous inequality, we have

`(f(cn)∗) <
l0

2K1

≤ `(f0(c)∗)

2K1

≤ `(f(c)∗)

2
.

In case (2), the assumption also yields θ(`(f0(c)∗)) > θ(l0) = π
2
(1 − r/3) for

c. Then the collar lemma (Lemma 5.2) gives that the width ω of the collar
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A(f0(c)∗) is greater than arcsinh{tan π
2
(1 − r/3)} as well as that the distance

d from the support of f1 to f0(c)∗ is not less than ω. Hence Proposition 4.4
implies that

`(f(c)∗)

`(f0(c)∗)
≥ 1

α(K1, 0, d)
>

1

K1(r/3) + (1 − r/3)
.

This inequality combined with other ones obtained above concludes

`(f(cn)∗)

`(f(c)∗)
=

`(f(cn)∗)

`(f0(cn)∗)
· `(f0(cn)∗)

`(f0(c)∗)
· `(f0(c)∗)

`(f(c)∗)

<
1

K1(1 − r/3)
· 1

r
· {K1(r/3) + 1 − r/3} =

K1 + 3/r − 1

K1(3 − r)
.

By the definition of K1, the last term of the above inequality is equal to 1/2.
Hence we have `(f(cn)∗) < `(f(c)∗)/2.

In case (3), the hyperbolic length `(f(c)∗) is not less than twice the width of
the collar A(f(cn)∗). We see that this is greater than 2`(f(cn)∗). Indeed, we
have already made `(f0(cn)∗) so small that `(f0(cn)∗) < l0/2 for l0 < l(π/4).
Note by the collar lemma that, when the hyperbolic length of a simple closed
geodesic is l(π/4), the width of the collar is exactly the half of this length.
Further pinching by f1 does not make the situation worse. ¤

The combination of Lemma 7.1 and the following lemma yields a crucial
consequence. It can be summarized as Theorem 7.3 below.

Lemma 7.2 ([12]). Let g be a quasiconformal automorphism of a Riemann
surface R. Suppose there exists a constant δ > 1 such that, for every compact
subsurface V of R, there is a simple closed geodesic c on R outside of V
satisfying either `(g(c)∗)/`(c) ≥ δ or `(g(c)∗)/`(c) ≤ 1/δ. Then g is not
homotopic to any asymptotically conformal automorphism of R, in particular,
[g] /∈ Ker ιAT .

Theorem 7.3. Let R be a Riemann surface satisfying the lower bound condi-
tion, and [g] ∈ MCG(R) a quasiconformal mapping class of R. Suppose that
there exists a sequence of mutually disjoint simple closed geodesics {cn}∞n=1

such that the hyperbolic lengths of cn are uniformly bounded and g(cn)∗ 6= cn′

for any n and n′. Then [g] is not asymptotically trivial, namely, [g] /∈ Ker ιAT .

Proof. By Lemma 7.1, for the sequence {cn}∞n=1, there exists a quasiconformal
homeomorphism f of R such that 2`(f(cn)∗) < `(f(c)∗) for every n and for
every simple closed geodesic c other than {cn}∞n=1. Set g̃ = f ◦ g ◦ f−1. By the
assumption g(cn)∗ 6= cn′ , we see that

`(g̃(f(cn))∗)

`(f(cn)∗)
=

`(f(g(cn))∗)

`(f(cn)∗)
> 2
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for every n. Since the sequence {f(cn)∗}∞n=1 exits from any compact subsurface
in the Riemann surface f(R) (see [23, Proposition 1]), we can apply Lemma
7.2. Then we conclude that g̃ is not homotopic to any asymptotically conformal
automorphism of f(R). This implies that [g] /∈ Ker ιAT . ¤

8. Properties of periodic mapping classes

In this section, we first show that every non-trivial periodic element of the
quasiconformal mapping class group acts on the asymptotic Teichmüller space
non-trivially. Then, by using this result, we prove a certain relationship be-
tween the stable quasiconformal mapping class group G∞(R) and the asymp-
totically trivial mapping class group Ker ιAT .

Recall that a Teichmüller modular transformation [g]∗ ∈ Mod(R) is elliptic
if it has a fixed point on T (R). This is equivalent to saying that the mapping
class [g] ∈ MCG(R) can be realized as a conformal automorphism, namely,
[g] is a conformal mapping class. The following result proved in [21] is a
generalization of the Nielsen theorem to the Teichmüller space of an arbitrary
Riemann surface.

Proposition 8.1. For a quasiconformal mapping class [g] ∈ MCG(R), if the
orbit {[g]n∗ (p)}n∈Z of any point p ∈ T (R) is bounded in the Teichmüller space
T (R), then [g]∗ ∈ Mod(R) is elliptic, or equivalently, [g] is a conformal map-
ping class. In particular, if [g] is a periodic element, then [g] is a conformal
mapping class.

We expect that no conformal mapping class belongs to Ker ιAT and prove
this statement under the bounded geometry condition on R. Although we do
not assume that the order of a conformal mapping class is finite in the following
theorem, the arguments are essential only for this case.

Theorem 8.2. Let R be a topologically infinite Riemann surface satisfying
the bounded geometry condition. Then no non-trivial conformal mapping class
[g] ∈ MCG(R) belongs to Ker ιAT .

Proof. Let [g] ∈ MCG(R) be a non-trivial conformal mapping class. By chang-
ing the base Riemann surface of the Teichmüller space, we may assume that
there is a conformal automorphism g of R representing [g]. We also assume
that R satisfies (m,M)-bounded geometry condition.

We first take a simple closed geodesic c1 on R so that `(c1) ≤ M . We want
to make c1 satisfy g(c1) 6= c1 by replacing c1 with another one if necessary.
Suppose that g(c1) = c1. Set D = 2B +M , where B is the constant appearing
at Claim 2 in the proof of Lemma 4.9. Take a point z ∈ Ṙ away from c1 by the
distance B + M and find another simple closed geodesic c′1 with d(z, c′1) ≤ B
and `(c′1) ≤ M . Then c′1 is disjoint from c1 and d(c1, c

′
1) ≤ D. If g(c′1) 6= c′1,
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then we have done by taking this c′1 instead; hence we may also assume that
g(c′1) = c′1.

We choose the shortest bridge η1 connecting c1 with c′1 and make a D-frame
X1 = (c1, c

′
1, η1) by giving an appropriate orientation. If g(η1) = η1, then

g(X1) = X1 and the conformal automorphism g would be the identity in this
case. Hence g(η1) must be different from η1, which serves as another shortest
bridge connecting c1 with c′1. In this situation, we consider a closed curve
c1 · η1 · c′1 · η−1

1 based at the initial point of η1 whose hyperbolic length is
bounded by 2(M + D). We see that this closed curve is freely homotopic to
a simple closed geodesic c̃1 because the existence of the other shortest bridge
g(η1) prevents c̃1 from shrinking to a puncture. Since g(η1) 6= η1, we have
g(c̃1) 6= c̃1. By renaming this c̃1 as c1, we obtain a simple closed geodesic c1

such that g(c1) 6= c1 and its hyperbolic length is bounded by the constant
2(M + D).

We choose a simple closed geodesic c2 sufficiently far away from c1, g(c1)
and g−1(c1). By the same process as above, we can make c2 satisfy g(c2) 6= c2

and `(c2) ≤ 2(M + D), keeping c2 disjoint from both c1 and g(c1) and keeping
g(c2) disjoint from c1. Inductively, we have a simple closed geodesic cn with
g(cn) 6= cn and `(cn) ≤ 2(M + D) such that cn is disjoint from both ci and
g(ci) (1 ≤ i ≤ n− 1) and g(cn) is disjoint from ci (1 ≤ i ≤ n− 1). In this way,
we have a sequence {cn}∞n=1 of mutually disjoint simple closed geodesics with
uniformly bounded hyperbolic lengths satisfying g(cn) 6= cn′ for any n and n′.
Then Theorem 7.3 implies that [g] /∈ Ker ιAT . ¤

Remark 8.3. In [25], it has been proved that, no conformal mapping class
[g] ∈ MCG(R) of infinite order belongs to Ker ιAT for an arbitrary Riemann
surface R. It is interesting that certain analytic methods work for this problem
when the order is infinite but do not work when the order is finite. We need
some geometric arguments as in the proof of Theorem 8.2 for the finite order
case.

The following lemma makes an important step towards our purpose. This
will be used in the next section combined with Theorem 6.1.

Lemma 8.4. Suppose that a quasiconformal mapping class [g] ∈ MCG(R)
satisfies [gt] ∈ G∞(R) for a positive integer t. Then we have the following: (i)
the mapping class [g] is asymptotically conformal; (ii) if R satisfies the bounded
geometry condition in addition and if [g] ∈ Ker ιAT , then [g] ∈ G∞(R).

Proof. Since [gt] is essentially trivial, there exists a topologically finite sub-
surface V of R such that, for each connected component W of R − V , the
restriction gt|W : W → R is homotopic to the inclusion map id|W : W ↪→ R
relative to the ideal boundary at infinity. If g(V ) ∩ V = ∅, we choose a topo-
logically finite subsurface that contains g(V )∪V . In this way, we may assume
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that V satisfies g(V )∩ V 6= ∅ for every representative g of the quasiconformal
mapping class [g]. We may also assume that each component W is topologi-
cally infinite and its relative boundary ∂W consists of a single simple closed
curve.

Take the union

Ṽ = V∗ ∪ g(V )∗ ∪ · · · ∪ gt−1(V )∗

and consider the topologically finite geodesic subsurface Ṽ∗. This is homotopi-

cally g-invariant, in other words, g(Ṽ )∗ = Ṽ∗. Indeed, as Ṽ∗ is determined by

the union of {gi(V )∗}t−1
i=0, so is g(Ṽ )∗ by the union of {gi+1(V )∗}t−1

i=0. However,
since gt(V )∗ = V∗, they should be coincident. Hence, by deforming a repre-
sentative of [g] in its homotopy class, we may assume that the quasiconformal

automorphism g of R preserves the geodesic subsurface Ṽ∗ invariant as well as

its complement R − Ṽ∗.

Let {W (k)
∗ }1≤k≤m be the family of all connected components of R − Ṽ∗. We

make the double Ŵ (k) of each W
(k)
∗ with respect to the geodesic boundary

∂W
(k)
∗ . Extend g|R−eV∗

to a quasiconformal automorphism ĝ of the union of

the Riemann surfaces S =
⋃

1≤k≤m Ŵ (k) by reflection. Then we see that ĝt

is homotopic to the identity on each component of S relative to the ideal
boundary at infinity, by which we are allowed to say that the mapping class
[ĝ] ∈ MCG(S) is periodic.

The quasiconformal mapping class group MCG(S) acts on the product

Teichmüller space T (S) =
∏

1≤k≤m T (Ŵ (k)) in the same manner as usual. If
[ĝ] ∈ MCG(S) is periodic, then [ĝ]∗ ∈ Mod(S) has a fixed point (p1, . . . , pm) in
T (S) by Proposition 8.1. Indeed, for each k, we can find a minimum positive

integer tk dividing the period of [ĝ] such that ĝtk preserves Ŵ (k). Then we ap-
ply Proposition 8.1 to this periodic mapping class [ĝtk ] to obtain a fixed point

pk of [ĝtk ]∗ in T (Ŵ (k)). Giving each Ŵ (k) the complex structure corresponding
to pk, we can realize the mapping class [ĝ] as a conformal automorphism of S.

Statement (i) then follows directly from this consequence. Indeed, by re-

stricting the complex structure pk to W
(k)
∗ for each k, we have a point p̂ of

the asymptotic Teichmüller space AT (R). Since [g] has a representative that

is conformal outside Ṽ∗, it is an asymptotically conformal mapping class such
that [g]∗∗ ∈ ModAT (R) fixes p̂.

For statement (ii), we further assume that [g] ∈ Ker ιAT . If there exists

some k such that g(W
(k)
∗ ) ∩ W

(k)
∗ = ∅, then g(c)∗ 6= c for every simple closed

geodesic c in W
(k)
∗ . We can choose a sequence of mutually disjoint simple closed

geodesics {cn}∞n=1 in W
(k)
∗ whose hyperbolic lengths are uniformly bounded.

Then Theorem 7.3 implies that [g] /∈ Ker ιAT , however, this contradicts the

assumption. Hence we have only to consider the case where g(W
(k)
∗ ) = W

(k)
∗
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for every k. The assumption [g] ∈ Ker ιAT implies that the mapping class is

asymptotically trivial on each W
(k)
∗ and hence [ĝ] is asymptotically trivial on

Ŵ (k). However, Theorem 8.2 combined with Proposition 8.1 asserts that the
periodic mapping class [ĝ] is not asymptotically trivial unless [ĝ] = id. This
implies that [ĝ] = id and hence [g] ∈ MCG(R) is essentially trivial. ¤

9. Topological characterization of asymptotic triviality

In this section, by using the results in Sections 6, 7 and 8, we first prove
Theorem 2.5 and then discuss its application. For the proof, we have only to
show the following statement.

Theorem 9.1. Let R be a Riemann surface satisfying the bounded geometry
condition. Then Ker ιAT ⊂ G∞(R).

Proof. Let {Rk}∞k=1 be a regular exhaustion of R. For each k, let {U (i)
k }N(k)

i=1 be
the set of all topologically infinite connected components of the complement
of Rk. We renumber the sequence

U
(1)
1 , . . . , U

(N(1))
1 , U

(1)
2 , . . . , U

(N(2))
2 , . . . , U

(1)
k , . . . , U

(N(k))
k , . . .

as {Un}∞n=1.
We assume that R satisfies (m,M)-bounded geometry condition. For the

constants m and M , we take the quasiconformal constant K ≥ 1 obtained by
Lemma 7.1. For each n, we take a pair of disjoint simple closed geodesics ai

n

(i = 1, 2) in the geodesic subsurface (Un)∗ so that `(ai
n) ≤ M and d(ai

n, ∂(Un)∗)
is sufficiently large. This is possible by Claim 2 in the proof of Lemma 4.9. In
addition to these conditions, we also require that

d(ai
k, a

j
n) ≥ nK2d(a1

n−1, a
2
n−1) + (n + 1)KC(K)

for every n > 1, for every k with 1 ≤ k ≤ n and for every i, j ∈ {1, 2}
except for the case of both k = n and i = j. Here C(K) is the constant as in
Proposition 4.5. In particular, the union of {a1

n}∞n=1 and {a2
n}∞n=1 becomes a

family of mutually disjoint simple closed geodesics.
By Lemma 7.1, we can take a K-quasiconformal homeomorphism f of R

such that 2`(f(ai
n)∗) < `(f(a)∗) (i = 1, 2) for every n ≥ 1 and for every

simple closed geodesic a different from {a1
n}∪ {a2

n}∞n=1. Consider the Riemann
surface S = f(R), which also satisfies the bounded geometry condition. Set
Wn = f(Un).

Take an arbitrary asymptotically trivial mapping class [g] ∈ Ker ιAT . Then
there exists an asymptotically conformal automorphism g̃ of S in the homotopy
class of f ◦g ◦f−1. By abuse of notation, we denote this g̃ also by g. We take a
positive constant ε ≤ 1/2. There exists a compact subsurface V ⊂ S such that
K(g|S−V ) < 1 + ε. Set dn = d((Wn)∗, V ), which tends to ∞ as n → ∞. Since
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the constant α in Proposition 4.4 satisfies α(K(g), ε, d) → 1 + ε as d → ∞,
there is an integer n1 such that V ∩ (Wn)∗ = ∅ and α(K(g), ε, dn) < 1 + 2ε for
every n ≥ n1.

For each n ≥ 1, let c1
n and c2

n be the simple closed geodesics on S that are
freely homotopic to f(a1

n) and f(a2
n) respectively. They belong to (Wn)∗ and

their hyperbolic lengths are bounded by KM . In addition, our construction
imposes the following restraint on them.

Lemma 9.2. There exists an integer n2 (≥ n1) such that {g(c1
n)∗, g(c2

n)∗} =
{c1

n, c
2
n} for every n ≥ n2.

Proof. By Proposition 4.4, we have

`(g(ci
n)∗)

`(ci
n)

≤ α(K(g), ε, dn) < 1 + 2ε ≤ 2

for all n ≥ n1. Since `(g(ci
n)∗) < 2`(ci

n) and since 2`(ci
n) < `(c) for any other

simple closed geodesic c on S, we see that each g(ci
n) must be freely homotopic

to either c1
n′ or c2

n′ for some n′ ≥ 1.
Next, we consider the hyperbolic distance between the simple closed geodesics,

which is attained by the shortest bridge connecting them. By the choice of
{ai

n}∞n=1 and by Proposition 4.5, we have

d(ci
k, c

j
n) ≥ 1

K
d(ai

k, a
j
n) − C(K)

≥ 1

K

{
nK2d(a1

n−1, a
2
n−1) + (n + 1)KC(K)

}
− C(K)

= nK d(a1
n−1, a

2
n−1) + nC(K)

≥ nK

{
1

K
d(c1

n−1, c
2
n−1) −

1

K
C(K)

}
+ nC(K)

= n · d(c1
n−1, c

2
n−1) > d(c1

n−1, c
2
n−1)

for every n > 1, for every k with 1 ≤ k ≤ n and for every i, j ∈ {1, 2} except
for the case of both k = n and i = j. In particular, the hyperbolic distance
d(c1

n, c
2
n) diverges to ∞ as n → ∞.

We take a positive integer n2 (≥ n1) with n2 > K(g)+1 satisfying a property
that d(c1

n−1, c
2
n−1) ≥ C(K(g)) for every n ≥ n2. Then we will show that

{g(c1
n)∗, g(c2

n)∗} = {c1
n, c

2
n} for every n ≥ n2. If this is not true, we can always

find some positive integers n, n′ and k with n > n′, n ≥ k and n ≥ n2 such
that {g(c1

n′)∗, g(c2
n′)∗} = {ci

k, c
j
n} for some i, j ∈ {1, 2}. Here, by Proposition
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4.5 again, we have

d(ci
k, c

j
n) = d(g(c1

n′)∗, g(c2
n′)∗)

≤ K(g)d(c1
n′ , c2

n′) + C(K(g))

≤ K(g)d(c1
n−1, c

2
n−1) + C(K(g))

≤ (K(g) + 1)d(c1
n−1, c

2
n−1)

< n · d(c1
n−1, c

2
n−1).

However, since d(ci
k, c

j
n) ≥ n · d(c1

n−1, c
2
n−1), this is a contradiction. ¤

Proof of Theorem 9.1 continued. By Lemma 9.2, we see that g(c1
n)∗ is either c1

n

or c2
n for all but finitely many n. If g(c1

n)∗ = c1
n for all such n, then the mapping

class [gt] is essentially trivial for some integer t ≥ 1 by Theorem 6.1. Thus by
Lemma 8.4, the mapping class [g] itself is essentially trivial. If g(c1

n)∗ = c2
n for

infinitely many n, then we apply Theorem 7.3 for these mutually disjoint simple
closed geodesics of uniformly bounded hyperbolic lengths, which is a subset of
{c1

n}∞n=1. Then we have [g] /∈ KerAT , but this contradicts the assumption. (Or
alternatively, we may conclude that [g2t] is essentially trivial by Theorem 6.1
since g2(c1

n)∗ = c1
n for all sufficiently large n, and have the conclusion by the

same reason as above.) ¤
Finally, we give an application of Theorem 2.5 to the Nielsen theorem on the

asymptotic Teichmüller space. More precisely, this refers to Theorem 2.8 in
Section 2, which asserts that every asymptotic Teichmüller modular transfor-
mation of finite order is elliptic if R satisfies the bounded geometry condition.

Proof of Theorem 2.8. The assumption implies that [gt] ∈ Ker ιAT for some
integer t ≥ 1. Then [gt] ∈ G∞(R) by Theorem 2.5 (Theorem 9.1). Thus we
conclude that [g] is an asymptotically conformal mapping class by Lemma 8.4,
which means that [g]∗∗ ∈ ModAT (R) is elliptic. ¤

Theorem 2.8 promotes the statement of Theorem 2.9 to the necessary and
sufficient condition for an asymptotic Teichmüller modular transformation to
be of finite order. We collect our main results to show the last theorem.

Theorem 9.3. Let R be a Riemann surface satisfying the bounded geom-
etry condition. An asymptotic Teichmüller modular transformation [g]∗∗ ∈
ModAT (R) is of finite order if and only if [g]∗∗ is elliptic and there exist an
integer s ≥ 1 and a constant ` > 0 such that, in any topologically infinite
neighborhood of each topological end of R, there exists a simple closed geodesic
c with `(c) ≤ ` such that gs(c) is freely homotopic to c.

Proof. Suppose that [g]∗∗ is of finite order. Then [g]∗∗ is elliptic by Theorem
2.8 and [gs] ∈ Ker ιAT for some integer s ≥ 1 as well. By Theorem 2.5, this
implies that [gs] is essentially trivial, namely, there exists a topologically finite
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subsurface V of R such that, for each connected component W of R − V , the
restriction gs|W : W → R is homotopic to the inclusion map id|W : W ↪→ R.
Thus gs(c) is freely homotopic to c for every simple closed geodesic c in W .
This shows the sufficiency.

Conversely, suppose that [g]∗∗ is elliptic and there exist an integer s ≥ 1
and a constant ` > 0 such that, in any topologically infinite neighborhood of
each topological end of R, there exists a simple closed geodesic c with `(c) ≤ `
such that gs(c) is freely homotopic to c. Since [gs]∗∗ is also elliptic, we apply
Theorem 2.9 to [gs]. Then we conclude that [gs]∗∗ is of finite order, and hence
so is [g]∗∗. This shows the necessity. ¤
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